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CONFORMALLY FORMAL MANIFOLDS AND THE
UNIFORMLY QUASIREGULAR NON-ELLIPTICITY OF
(S2 × S2)#(S2 × S2)
ILMARI KANGASNIEMI
Abstract. We show that the manifold (S2×S2)#(S2×S2) does not ad-
mit a non-constant non-injective uniformly quasiregular self-map. This
answers a question of Martin, Mayer, and Peltonen, and provides the
first example of a quasiregularly elliptic manifold which is not uniformly
quasiregularly elliptic.
To obtain the result, we introduce conformally formal manifolds,
which are closed smooth n-manifolds M admitting a measurable confor-
mal structure [g] for which the (n/k)-harmonic k-forms of the structure
[g] form an algebra. This is a conformal counterpart to the existing
study of geometrically formal manifolds. We show that, similarly as in
the geometrically formal theory, the real cohomology ring H∗(M ;R) of
a conformally formal n-manifold M admits an embedding of algebras
Φ: H∗(M ;R) →֒ ∧∗Rn. We also show that uniformly quasiregularly el-
liptic manifolds M are conformally formal in a stronger sense, in which
the wedge product is replaced with a conformally scaled Clifford prod-
uct. For this stronger version of conformal formality, the image of Φ is
closed under the Euclidean Clifford product of ∧∗Rn, which in turn is
impossible for M = (S2 × S2)#(S2 × S2).
1. Introduction
Quasiconformal and quasiregular maps are a geometric generalization of
holomorphic maps to higher dimensions. In particular, given two oriented
Riemannian n-manifolds M and N , a map f : M → N is K-quasiregular for
K ≥ 1 if f is continuous, belongs to the local Sobolev space W 1,nloc (M,N),
and satisfies the infinitesimal distortion condition
|Df(x)|n ≤ KJf (x)
for almost every x ∈ M . Here, |·| stands for the operator norm, and Jf for
the Jacobian determinant. A K-quasiregular homeomorphism is then called
K-quasiconformal. If n = 2, it is well known that the set of 1-quasiregular
maps consists exactly of holomorphic maps between Riemann surfaces.
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Moreover, a self-map f : M → M on an oriented Riemannian n-manifold
is uniformly K-quasiregular if every iterate f j of f is K-quasiregular. Uni-
formly quasiregular maps are thus quasiregular self-maps which behave well
under iteration, and they therefore provide a geometric higher dimensional
generalization of holomorphic dynamics.
Let M be a closed, connected, oriented Riemannian n-manifold. Then
M is quasiregularly elliptic if there exists a non-constant quasiregular map
f : Rn → M . The study of such manifolds traces back to questions of Gro-
mov [9, p. 67] and Rickman [28, p. 183]. Similarly, we call M uniformly
quasiregularly elliptic if there exists a non-constant non-injective uniformly
quasiregular self-map f : M →M . The question of characterizing uniformly
quasiregularly elliptic manifolds is described by Martin, Mayer, and Peltonen
[23] as a non-injective version of a conjecture by Lichnerowicz [20] solved by
Lelong-Ferrand [19].
The two concepts are related in that ifM is uniformly quasiregularly ellip-
tic, then it is also quasiregularly elliptic; see [23, Theorem 1.1] or [14, Theo-
rem 5.7]. Whether there exists a converse implication or not has however so
far remained unsolved. When n = 2, it follows from the uniformization the-
orem that quasiregular and uniformly quasiregular ellipticity are equivalent.
Moreover, it was shown by Kangaslampi [14, Theorem 7.1] that quasiregular
and uniformly quasiregular ellipticity remain equivalent when n = 3.
As our main result, we show that for n = 4, quasiregular and uniformly
quasiregular ellipticity are in fact not equivalent. In particular, let M be the
connected sum (S2 × S2)#(S2 × S2) of two copies of S2 × S2. It was shown
by Rickman [30] that M is quasiregularly elliptic. Due to this, it was asked
by Martin, Mayer, and Peltonen in [23, p. 2093] whether M is uniformly
quasiregularly elliptic; see also [1, p. 338], and [22, p. 1442]. We resolve this
question to the negative.
Theorem 1.1. The manifold (S2×S2)#(S2×S2) is not uniformly quasireg-
ularly elliptic.
In a slightly more general form, the concrete topological obstruction for
uniformly quasiregular ellipticity which results in Theorem 1.1 is as follows.
Theorem 1.2. Suppose that M is a closed, connected, oriented, and uni-
formly quasiregularly elliptic 4-manifold. Let b2 = b
+
2 + b
−
2 be the standard
decomposition of the second Betti number of M into positive definite and
negative definite parts under the intersection form. Then b+2 , b
−
2 ∈ {0, 1, 3}.
In particular, for M = (S2 × S2)#(S2 × S2) we have b+2 = b
−
2 = 2, and
therefore the uniformly quasiregular ellipticity ofM is ruled out by Theorem
1.2. We note that each of the individual values of b+2 and b
−
2 permitted by
Theorem 1.2 is assumed by a manifold known to be uniformly quasiregularly
elliptic. Indeed, for S4 we have b+2 = b
−
2 = 0, for S
2×S2 we have b+2 = b
−
2 = 1,
and for T4 we have b+2 = b
−
2 = 3. For a proof of the uniformly quasiregular
ellipticity of these manifolds, see e.g. [1].
1.1. Conformally formal manifolds. In our approach towards Theorems
1.1 and 1.2, we develop a significant amount of more general obstruction
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theory, which is of independent interest. We now proceed to present the
main points of this theory.
Let M be a closed smooth n-manifold. A smooth Riemannian metric g
on M is called formal if its space of harmonic forms is closed under the
wedge product, and therefore forms an algebra. Recall that a smooth k-
form ω ∈ C∞(∧kM) is harmonic if (d∗d+ dd∗)ω = 0, where the dependence
of harmonic forms on the choice of metric g is through the codifferential
operator d∗. Hodge theory yields that if M is closed, then ω ∈ C∞(∧kM) is
harmonic if and only if it satisfies the pair of partial differential equations
dω = 0,
d∗ω = 0.
The n-manifoldM is then called geometrically formal if it admits a smooth
formal Riemannian metric. This definition is due to Kotschick [17], following
the ideas of Sullivan [32]. Geometrically formal manifolds and their topolog-
ical obstructions have been studied in e.g. [17], [8], [2] and [18].
In the theory leading up to our main results, we end up considering a
conformal version of formal Riemannian metrics. Namely, suppose that [g]
is a bounded measurable conformal structure on M . Then for every index
k ∈ {1, . . . , n − 1}, the structure [g] defines a conformally invariant space
Hkg(M ;R) of (n/k)-harmonic k-forms. In particular, elements ω ∈ H
k
g(M ;R)
are weak solutions of the pair of conformally invariant differential equations
dω = 0,(1.1)
d |ω|
n−k
k
−1
g ⋆g ω = 0,(1.2)
where g is any measurable Riemannian metric contained in the structure [g],
and ⋆g is the Hodge star with respect to g. The elements of H
k
g(M ;R) are
also studied under the more general class of A-harmonic forms, where in this
case A is a non-linear operator depending on the conformal structure [g].
The definition of Hkg(M ;R) extends to k = 0 by having H
0
g(M ;R) be the
set of constant functions, which are exactly the weak solutions of (1.1) among
0-forms. The extension to k = n is more subtle. The condition (1.2) for an
n-form ω is essentially a condition for ⋆g ω to not change sign. We interpret
this condition by defining a conformally invariant subspace Hn,≥g (M ;R) of
the space of measurable n-forms by
Hn,≥g (M ;R) = {ω meas. n-form : ⋆g ω ≥ 0, or ⋆g ω ≤ 0} ,(1.3)
where the inequalities are understood to hold almost everywhere.
With these definitions in place, we show the following.
Theorem 1.3. Let M be a closed, connected, oriented Riemannian n-mani-
fold for n ≥ 2. Suppose that M is uniformly quasiregularly elliptic. Then
there exists a bounded conformal structure [g] on M which satisfies the fol-
lowing property: there exists a space Hng (M ;R) ⊂ H
n,≥
g (M ;R) such that
H∗g(M ;R) =
⊕n
j=0H
j
g(M ;R) is a graded R-algebra with respect to + and ∧.
Due to how the above condition for [g] resembles the definition of a for-
mal Riemannian metric, we call such a structure [g] conformally formal.
Similarly, a closed, oriented, smooth Riemannian n-manifold M admitting
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such a structure [g] is also called conformally formal. This definition makes
no reference to a uniformly quasiregular map, and can therefore be studied
independently of the uniformly quasiregularly elliptic setting.
In a certain sense the definition of conformally formal structures appears
even more demanding than that of formal Riemannian metrics. Not only
does the definition include that H∗g(M ;R) is closed under the wedge product,
but it also requires that the spaces Hkg(M ;R) are linear despite the non-
linearity of the differential equation (1.2). Regardless, the move from the
smooth setting to the measurable setting and the challenges surrounding the
case k = n interfere with the use of many arguments from the geometrically
formal theory.
However, some of the methodology does survive the change in setting. We
recall that a conjecture of Bonk and Heinonen [3, p. 222] on quasiregularly
elliptic manifolds was recently given a positive solution by Prywes [27]. The
conjecture predicted a sharp upper bound of 2n on the dimension of the real
cohomology ring of a quasiregularly elliptic n-manifold. Besided Prywes’
proof, an alternate proof of the uniformly quasiregularly elliptic special case
was also given by the author in [15]. Most notably, the same bound also holds
in the setting of geometrically formal manifolds by [17, Theorem 6], and the
proofs for uniformly quasiregularly elliptic manifolds and for geometrically
formal manifolds bear some similarity.
In particular, the proof of the main cohomological obstruction of [15]
transfers entirely to the setting of conformally formal manifolds. Moreover,
we in fact obtain a stronger version of the result by taking advantage of the
wedge product properties of conformally formal structures.
Theorem 1.4. Let M be a closed, connected, oriented, smooth n-manifold.
Suppose that M is conformally formal. Then there exists an embedding of
graded algebras Φ: H∗(M ;R) → ∧∗Rn which maps the cup product to the
exterior product. Moreover, the image of Φ is closed under the Hodge star.
Theorem 1.4 already reveals some new manifolds which are not uniformly
quasiregularly elliptic. For an example of this, let M = #15(S2 × S4). This
manifold M still satisfies the cohomological dimension restriction proven in
[15] and [27], but H∗(M ;R) can not be realized as a subalgebra of ∧∗R6.
Indeed, any such realization has to map H2(M ;R) surjectively onto ∧2R6,
but the cup product of any two elements of H2(M ;R) is zero.
1.2. Clifford algebra. Theorem 1.2 follows from a refined version of the
previously discussed obstruction theory, obtained by an application of Clif-
ford algebras. We note that, to our knowledge, Clifford algebras have not
seen significant prior use in the study of higher dimensional quasiconformal
analysis. In our case, we use a measurable Riemannian metric g to obtain
a Clifford product ·g on ∧
∗T ∗xM for almost every x ∈ M . Consequently,
we may multiply elements of H∗g(M ;R) with each other under this Clifford
product.
However, the Clifford product ·g is dependent on the exact choice of met-
ric g in a conformal structure [g]. To eliminate this dependence, we in-
stead study a scaled version of the Clifford product. Namely, suppose that
k, l,m ∈ {1, . . . , n}, and let ω1 and ω2 be a measurable l-form and m-form,
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respectively. We use 〈ω〉k to denote the (∧
kT ∗M)-component of a differential
form ω : M → ∧∗T ∗M , and define an operation ⊙g by
〈ω1 ⊙g ω2〉k =
∣∣〈ω1 ·g ω2〉k∣∣ kl+m−1g 〈ω1 ·g ω2〉k .
This operation ⊙g is non-linear, but in exchange depends only on the con-
formal structure [g]. Moreover, 〈ω1 ⊙g ω2〉k = ω1 ∧ ω2 if k = l +m. A more
precise definition of ⊙g is given in Section 4.
We then proceed to improve Theorem 1.3 in the following way.
Theorem 1.5. Let M be a closed, connected, oriented Riemannian n-mani-
fold for n ≥ 2. Suppose that M is uniformly quasiregularly elliptic. Then
there exists a bounded conformal structure [g] on M which satisfies the fol-
lowing property: there exists a space Hng (M ;R) ⊂ H
n,≥
g (M ;R) such that
H∗g(M ;R) is closed under + and ⊙g.
Since structures [g] such as in Theorem 1.5 are also conformally formal,
we call such structures conformally formal in the Clifford sense. With the
additional information provided by this property, the embedding of Theorem
1.4 improves in the following way, finally yielding the general result behind
the topological obstruction of Theorem 1.2.
Theorem 1.6. Let M be a closed, connected, oriented, smooth n-manifold.
Suppose that M is conformally formal in the Clifford sense. Then there exists
an embedding of graded algebras Φ: H∗(M ;R) → ∧∗Rn which maps the cup
product to the exterior product. Moreover, the image of Φ is closed under
the Euclidean Clifford product of ∧∗Rn.
1.3. A remark on complex coefficients. In our definition of conformally
formal manifolds, we used differential forms with real coefficients. How-
ever, as was also the case in [15], our methods require the use of differential
forms with complex coefficients. Due to this, we end up having to also
define conformally C-formal bounded conformal structures [g], where the
spaces Hkg(M ;R) in the definition are replaced by the corresponding spaces
Hkg(M ;C) of differential forms with complex coefficients. Conformal formal-
ity in the Clifford sense is also similarly extended to complex coefficients.
The complex versions of conformal formality are easily seen to imply the
corresponding real versions, but unlike in the case of harmonic forms, the
non-linearity of (1.2) makes it unclear to us whether the converse holds. We
prove Theorems 1.3, 1.4, 1.5 and 1.6 for both real and complex coefficients,
with complex versions of the statements given with the proofs.
1.4. Structure of this paper. Our discussion splits into essentially three
parts. The first part, consisting of Sections 2, 3 and 4, focuses on the alge-
braic theory of conformally formal structures. In it, we recall the necessary
prerequisites of measurable conformal structures, p-harmonic forms and the
Clifford product. Moreover, we define conformally formal structures in de-
tail, and prove some of the initial algebraic consequences of the definition.
The second part, consisting of Sections 5, 6 and 7, focuses on topological
obstructions to conformal formality. We first recall some prerequisites from
non-linear Hodge theory. We then discuss conformal cohomology, and use it
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to prove Theorems 1.4 and 1.6. Finally, we discuss obstructions implied by
Theorems 1.4 and 1.6, including the obstruction given in Theorem 1.2.
The third part, consisting of Sections 8 and 9, is the quasiregular part. In
it, we recall the necessary prerequisites of quasiregular maps, and then prove
Theorems 1.3 and 1.5.
Acknowledgments. The author thanks Pekka Pankka for introducing him
to the subject, as well as for continued mathematical discussions and guid-
ance. Moreover, the initial ideas which started this work were conceived
during a visit to IMPAN for the Simons Semester in Fall 2019, and the au-
thor thanks the semester organizers and participants for creating an inspiring
research environment.
2. Conformal structures and p-harmonic forms
In this section, we recall the necessary prerequisites of bounded conformal
structures, and of p-harmonic forms with real or complex coefficients.
2.1. Bounded conformal structures. Let M be a closed, connected, ori-
ented, smooth n-manifold. A conformal structure on M is an equivalence
class [g] of measurable Riemannian metrics under the equivalence relation
of multiplication with a positive measurable function. In particular, two
measurable Riemannian metrics g and g′ on M belong to the same confor-
mal structure if g′ = ρ2g a.e. on M for some positive measurable function
ρ : M → (0,∞).
Given two conformal structures [g] and [g′] onM , their conformal distance
is defined by
d([g], [g′]) = ess sup
x∈M
(
max
{
log
(
|v|g
|w|g
)
: v,w ∈ TxM, |v|g′ = |w|g′ = 1
})
.
We then say that a conformal structure [g] is bounded if there exists a smooth
Riemannian metric g0 on M such that d([g], [g0]) < ∞. Note that, due to
the compactness of M , we have d([g0], [g
′
0]) <∞ for all smooth Riemannian
metrics g0, g
′
0 onM . Hence, for a bounded conformal structure [g] on a closed
manifold M , we in fact have d([g], [g0]) < ∞ for all smooth Riemannian
metrics g0 on M .
2.2. Differential forms of real and complex coefficients. Suppose then
that [g] is a bounded conformal structure on a closed, connected, oriented,
smooth n-manifold M . Let g0 be a smooth Riemannian metric on M , the
choice of which makes M into a Riemannian manifold. Throughout this
paper, we use K to denote either R or C, when the discussion is applicable
to both fields of coefficients.
Given k ∈ {0, . . . , n}, we denote by Γ(∧kM ;R) the space of measurable
differential k-forms on M . Moreover, we let Γ(∧kM ;C) = Γ(∧kM ;R) ⊗ C
be the space of measurable differential k-forms with complex coefficients. In
particular, elements ω ∈ Γ(∧kM ;C) are pairs ω = α + iβ, where α, β ∈
Γ(∧kM ;C).
A measurable Riemannian metric g defines a.e. on M a point-wise inner
product 〈·, ·〉g and a point-wise norm |·|g for elements of Γ(∧
kM ;K). Given
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ω ∈ Γ(∧kM ;K) and p ∈ [1,∞], we denote by ‖ω‖p,g the L
p-norm of ω with
respect to g, that is,
‖ω‖p,g =
(∫
M
|ω|pg volg
) 1
p
.
The space of ω ∈ Γ(∧kM ;K) with ‖ω‖p,g0 <∞ is denoted L
p(∧kM ;K).
Although the specific norms ‖ω‖p,g0 vary depending on g0, the spaces
Lp(∧kM ;K) are independent on the choice of smooth g0 due to the com-
pactness of M . Hence, we may discuss the spaces Lp(∧kM ;K) on a closed,
oriented, smooth Riemannian n-manifold, even without fixing a smooth
metric g0. Moreover, for the space with complex coefficients, we in fact
have Lp(∧kM ;C) = Lp(∧kM ;R)⊗ C, i.e. a complex differential form is Lp-
integrable if and only if its real and imaginary part are.
We note that there exists a unique g ∈ [g] for which volg = volg0 . This
special element in a conformal structure is particularly useful when carrying
out computations, since for this metric g we have
(2.1) C−1 |·|g0 ≤ |·|g ≤ C |·|g0
a.e. on M . Here, C is only dependent on n and the conformal distance
d([g], [g0]). In particular, for this choice of g, the norms ‖·‖p,g and ‖·‖p,g0 are
comparable.
We also note that for a specific exponent, the norm ‖ω‖p,g is in fact inde-
pendent on the choice of g ∈ [g]. Namely, if g′ = ρ2g and ω ∈ Γ(∧kM ;K),
then |ω|g′ = ρ
−k |ω|g and volg′ = ρ
n volg. Hence,
‖ω‖n
k
,g′ = ‖ω‖n
k
,g ,
where for k = 0 we interpret n/k = ∞. This exponent p = n/k is hence
called the conformal exponent.
2.3. p-harmonic forms of the conformal exponent. Suppose that ω ∈
L1(∧kM ;K), where k < n. We say that dω ∈ L1(∧k+1M ;K) is a weak differ-
ential of ω if, for every smooth real (n− k− 1)-form η ∈ C∞(∧n−k−1M ;R),
the n-forms ω ∧ dη and dω ∧ η are integrable and satisfy∫
M
ω ∧ dη = (−1)k+1
∫
M
dω ∧ η.
Let g′ ∈ [g]. The Hodge star ⋆g′ with respect to g
′ is defined for a.e. x ∈M
by the relation
α ∧ ⋆g′ β = 〈α, β〉g′ volg′
for all α, β ∈ (∧kT ∗xM)⊗K, where k ∈ {0, . . . , n}. Now, for k ∈ {1, . . . , n−1}
and p ∈ (1,∞), we call a k-form ω ∈ Γ(∧kM ;K) p-harmonic with respect
to g′, if ‖ω‖p,g′ <∞ and ω satisfies the weak partial differential equations
dω = 0, and
d
(
|ω|p−2g′ ⋆g′ ω
)
= 0.
Note that, if ωx = 0 for x ∈M , then we interpret that |ωx|
p−2
g′ ⋆g′ ωx = 0.
In general, p-harmonic forms may depend on the choice of g′ from the
conformal structure. However, in the conformal exponent p = n/k, the
8 ILMARI KANGASNIEMI
dependence is only on the conformal structure [g]. We recall the simple
proof of this fact.
Lemma 2.1. Let M be a closed, connected, oriented smooth n-manifold.
Let [g] be a bounded conformal structure on M , let g1, g2 ∈ [g], and let
K ∈ {C,R}. Suppose that ω ∈ Γ(∧kM ;K) is (n/k)-harmonic with respect to
g1, where k ∈ {1, . . . , n− 1}. Then ω is (n/k)-harmonic with respect to g2.
Proof. As pointed out before, we have ‖ω‖n/k,g1 = ‖ω‖n/k,g2. The equation
dω = 0 is dependent only on the smooth structure of M . Moreover, since g1
and g2 are conformally equivalent, there exists a ρ : M → (0,∞) such that
g2 = ρ
2g1, and hence
|ω|
n
k
−2
g2 ⋆g2 ω =
(
ρ−k |ω|g1
)n
k
−2
ρn−2k ⋆g1 ω = |ω|
n
k
−2
g1 ⋆g1 ω.
Therefore, d(|ω|(n/k)−2g2 ⋆g2 ω) = d(|ω|
(n/k)−2
g1
⋆g1 ω) = 0. 
As stated in the introduction, for k ∈ {1, . . . , n − 1}, we denote by
Hkg(M ;K) the space of (n/k)-harmonic k-forms on M with respect to the
bounded conformal structure [g]. By Lemma 2.1, the space is independent on
choice of representative metric g from within the conformal structure. More-
over, we let H0g(M ;K) be the space of essentially bounded 0-forms ω which
solve the weak partial differential equation dω = 0. Since M is connected,
this is exactly the space of almost everywhere constant K-valued functions
on M .
We recall the fundamental invariance properties of the spaces Hkg(M ;K).
Lemma 2.2. Let M be a closed, connected, oriented smooth n-manifold,
let [g] be a bounded conformal structure on M , and let K ∈ {C,R}. Let
ω ∈ Hkg(M ;K) for k ∈ {1, . . . , n− 1}. Then the following conditions hold.
(1) For every λ ∈ K, we have λω ∈ Hkg(M ;K).
(2) We have
|ω|
n
k
−2
g ⋆g ω ∈ H
n−k
g (M),
where the above is interpreted as 0 at points x ∈M where ωx = 0.
(3) If K = C, then we have ω ∈ Hkg(M ;C), where ω is the conjugate of
ω defined by α+ iβ = α− iβ for α, β ∈ Γ(∧kM ;R).
Proof. Property (1) follows immediately from the formulas d(λω) = λdω,
|λω|g = |λ| |ω|g and ⋆g(λω) = λ ⋆g ω. Similarly, property (3) immediately
follows from the formulas dω = dω, |ω|g = |ω|g, and ⋆g ω = ⋆g ω.
For property (2), we denote ω′ = |ω|(n/k)−2g ⋆g ω. By (1.2), we have dω
′ =
0. Moreover, we have
∣∣ω′∣∣ nn−k−2
g
⋆g ω
′ =
(
|ω|
n−k
k
g
) k
n−k
−1
⋆g
(
|ω|
n−k
k
−1
g ⋆g ω
)
= |ω|
1−n−k
k
g |ω|
n−k
k
−1
g ⋆g ⋆g ω = (−1)
k(n−k)ω.
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Hence, by (1.1) we have d |ω′|n/(n−k)−2g ⋆g ω
′ = 0. For the final requirement,
we have ∥∥∥∥|ω|nk −2g ⋆g ω
∥∥∥∥
g, n
n−k
= ‖ω‖
k
n−k
g,n
k
<∞.

Finally, we note that Hkg(M ;R) is a subset of H
k
g(M ;C) by the identifica-
tion ω = ω+i0. More precisely, Hkg(M ;R) consists of exactly the elements of
Hkg(M ;C) which have zero imaginary part. Indeed, this is since the L
p-norm
and the equations (1.1)-(1.2) are the same for real forms and for complex
forms with no imaginary part.
3. Conformal formality
In this section, we begin the discussion on the conformally formal struc-
tures defined in the introduction, and prove several basic algebraic properties
of the space H∗g(M ;K) for such structures [g].
3.1. Conformally formal structures. We recall the definition of the space
Hn,≥g (M ;R) from the introduction: H
n,≥
g (M ;R) consists of all measurable
n-forms ω for which ⋆g ω is either non-negative a.e. or non-positive a.e. This
space is independent of the choice of metric in a conformal structure, since a
conformal change of metric multiplies the Hodge star by a positive function.
Remark 3.1. The space Hn,≥g (M ;R) is an interpretation of the space of so-
lutions for the second equation (1.2) of (n/k)-harmonic k-forms in the case
k = n. Indeed, in this case the equation for an n-form ω becomes
(3.1) d
(
⋆g ω
|⋆g ω|
)
= 0.
The quantity being differentiated therefore essentially corresponds to the sign
of ⋆g ω, and (3.1) requires that this sign is constant. However, (3.1) becomes
ill-posed at points x ∈ M where ωx = 0. Hence, obtaining a concrete space
of solutions for (3.1) requires a choice of how to treat such values of ω.
We now define the complex counterpart Hn,≥g (M ;C). The definition is
most easily stated in terms of the real version:
Hn,≥g (M ;C) =
{
λω : λ ∈ C, ω ∈ Hn,≥g (M ;R)
}
.
The resulting space Hn,≥g (M ;C) essentially consists of n-forms ω for which
arg(⋆g ω) is constant, or in other words, for which the functional ⋆g ω : M →
C points in the direction of a single unit complex number at every point of
M . Similar to the real counterpart, the space Hn,≥g (M ;C) is also conformally
invariant.
We now state the definition of conformally formal bounded conformal
structures, where the real case is merely recalling the definition from the
introduction.
Definition 3.2. LetM be a closed, connected, oriented, smooth n-manifold,
let [g] be a bounded conformal structure on M , and let K ∈ {R,C}. We say
that [g] is conformally K-formal if there exists a setHng (M ;K) ⊂ H
n,≥
g (M ;K)
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for which (H∗g(M ;K),+,∧) is a K-algebra. In case K = R, we may also omit
the R and merely use the term conformally formal.
3.2. Algebraic properties. We begin by pointing out that all vector spaces
contained in Hn,≥g (M ;K) are small.
Lemma 3.3. Let M be a closed, connected, oriented, smooth n-manifold,
and let [g] be a bounded conformal structure on M . Let V ⊂ Hn,≥g (M ;K) be
a vector space with coefficients in K. Then dimK(V ) ≤ 1.
Proof. Suppose that ω1, ω2 ∈ V \ {0} We wish to show that ω1 and ω2 are
linearly dependent. We may write ωi = hi volg, in which case ⋆g ωi = hi.
Since ωi ∈ H
n,≥
g (M ;K), by multiplying ωi with a unit scalar in K, we may
assume that hi(x) ∈ R and hi(x) ≥ 0 for a.e. x ∈M .
Let S1 = {λ ∈ R : h1+λh2 ≥ 0 a.e.} and S2 = {λ ∈ R : h1+λh2 ≤ 0 a.e.}.
Since
ω1 + λω2 ∈ V ∩ Γ(∧
nM ;R) ⊂ Hn,≥g (M ;K) ∩ Γ(∧
nM ;R) = Hn,≥g (M ;R)
for every λ ∈ R, we have S1 ∪ S2 = R. The sets S1 and S2 are closed in
R. Moreover, both of them are nonempty, since λ ∈ S1 for all non-negative
λ, and λ ∈ S2 for all sufficiently small negative λ. Hence, there exists a
λ ∈ S1 ∩ S2. But now ω1 + λω2 = 0 where λ ∈ R ⊂ K, which shows that ω1
and ω2 are linearly dependent. The claim follows. 
We now show that, for conformally formal structures [g], the algebra
H∗g(M ;K) satisfies the key property which was used in the proof of the
main results of [15]. Its counterpart in the theory of formal manifolds is [17,
Lemma 4], which states that for a formal Riemannian metric, the inner prod-
uct of harmonic forms is constant. The conformally formal counterpart is
not quite as strong, but still implies a significant amount of rigidity provided
by our assumption.
Lemma 3.4. Let M be a closed, connected, oriented, smooth n-manifold, let
[g] be a bounded conformal structure on M , and let K ∈ {R,C}. Suppose that
[g] is conformally K-formal. Then for every measurable Riemannian metric
g ∈ [g], and every choice of Hng (M ;K) such that H
∗
g(M ;K) is an algebra,
there exists a non-negative measurable real function ρg : M → [0,∞) with
the following property: given any ω1, ω2 ∈ H
k
g(M ;K) for k > 0, we have
〈ω1, ω2〉g = Aρ
2k
g
a.e. on M for some constant A ∈ K. In particular, for any ω ∈ Hkg(M ;K)
for k > 0, we have
|ω|g = Bρ
k
g
a.e. on M for some non-negative real constant B ∈ [0,∞).
Proof. Fix a g ∈ [g] and a selection of Hng (M ;K). By Lemma 3.3, we have
dimHng (M ;K) ∈ {0, 1}. In either case, there exists a measurable function
ρg : M → [0,∞) such that every element of η ∈ H
n
g (M ;K) is of the form
η = Cρng volg
for some C ∈ K. Indeed, if dimHng (M ;K) = 0, this holds by default for
any function ρ since the only element in Hng (M ;K) is the zero function.
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And if dimHng (M ;K) = 1, we may select any η ∈ H
n
g (M ;K) \ {0} and
define ρg = (λ(⋆g η))
1/n, where λ is the unique unit scalar in K for which
λ(⋆g ηx) ∈ R and λ(⋆g ηx) ≥ 0 for a.e. x ∈M .
In particular, our claim now holds for ρg in the case k = n. Suppose now
that k ∈ {1, . . . , n − 1}. Let ω1 ∈ H
k
g(M ;K). By Lemma 2.2, we have ω
′
1 =
|ω1|
(n/k)−2
g ⋆g ω1 ∈ H
n−k
g (M ;K). Since H
∗
g(M ;K) is closed under the wedge
product, we hence have ω1∧ω
′
1 ∈ H
n
g (M ;K). But ω1∧ω
′
1 = |ω1|
n/k
g volg, and
also by the selection criterion of ρg we have ω1 ∧ ω
′
1 = C1ρ
n
g volg for some
C1 ∈ K. Hence,
|ω1|
n
k
g = C1ρ
n
g
a.e. on M . Since |ω1|g and ρg are non-negative and real, we must have
C1 ∈ R and C1 ≥ 0, and therefore
|ω1|g = C
k
n
1 ρ
k
g
a.e. on M .
Finally, let also ω2 ∈ H
k
g(M ;K). Now we must have ω2 ∧ω
′
1 ∈ H
n
g (M ;K),
and therefore ω2 ∧ ω
′
1 = C2ρ
n
g volg for some C2 ∈ K. But ω2 ∧ ω
′
1 =
|ω1|
(n/k)−2
g 〈ω1, ω2〉g volg , so we obtain
|ω1|
n
k
−2
g 〈ω1, ω2〉g = C2ρ
n
g
a.e. on M . By the previous result on |ω1|g, we obtain(
C
k
n
1 ρ
k
g
)n
k
−2
〈ω1, ω2〉g = C2ρ
n
g
a.e. on M , which when rearranged yields
〈ω1, ω2〉g = C
2k
n
−1
1 C2ρ
2k
g
a.e. on M . This concludes the proof. 
As an immediate consequence, we obtain a result that the elements of
Hkg(M ;K) for a conformally formal g share the same support. We also point
out here the similarity of this to the ideas behind the second main result of
[15].
Corollary 3.5. Let M be a closed, connected, oriented, smooth n-manifold,
and let [g] be a conformally K-formal bounded conformal structure on M ,
where K ∈ {R,C}. Then all elements of Hkg(M ;K)\{0} for all k ∈ {1, . . . , n}
share the same support.
Proof. For every ω ∈ Hkg(M ;K) \ {0} with k ∈ {1, . . . , n}, we have sptω =
spt ρg, where ρg is provided by Lemma 3.4. 
Finally, we conclude the uniqueness of Hng (M ;K), which follows from
methods similar to those used in the proof of Lemma 3.4.
Lemma 3.6. Let M be a closed, connected, oriented, smooth n-manifold, let
[g] be a bounded conformal structure on M , and let K ∈ {R,C}. Suppose that
[g] is conformally K-formal, and moreover, that Hkg(M ;K) 6= {0} for some
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k ∈ {1, . . . , n − 1}. Then the set Hng (M ;K) is unique, consisting exactly of
elements of the form C |ω|n/kg volg for any ω ∈ H
k
g(M ;K)\{0}, where C ∈ K.
Proof. By our assumption, there exists a ω ∈ Hkg(M ;K) \ {0}. By Lemma
2.2, we have ω′ = |ω|(n/k)−2g ⋆g ω ∈ H
n−k
g (M ;K) \ {0}. Hence, we obtain
that |ω|n/kg volg = ω ∧ ω
′ ∈ Hng (M ;K). Since |ω|
n/k
g volg is nonzero, and
since Hng (M ;K) is at most one-dimensional due to Lemma 3.3, we have
Hng (M ;K) = {C |ω|
n/k
g volg : C ∈ K} and the claim follows. 
4. Clifford algebras
In this section, we recall the necessary prerequisite information on the
Clifford product, with the main focus on how it extends the wedge product
of differential forms. We then provide a more precise definition of conformal
structures which are conformally formal in the Clifford sense. For a more
comprehensive discussion on Clifford algebras, we refer the reader to one of
the many available introductory texts, such as [5] or [21].
4.1. Clifford products. Let V be a finite-dimensional vector space over K.
Moreover, let b : V × V → K be a bilinear form on V . The Clifford algebra
Cl(V, b) is the free associative unital K-algebra generated by V subject to the
relation v·v = b(v, v) for v ∈ V . More formally, Cl(V,Q) is the quotient of the
tensor algebra ⊗∗V by the ideal generated by the set {v⊗v−b(v, v)1 : v ∈ V }.
The multiplication operation · of Cl(V, b) is called the Clifford product.
In this paper, we restrict our attention to Clifford algebras induced by
inner products. Suppose that V is an n-dimensional inner product space
over K. If K = R, then the inner product 〈·, ·〉 on V is a bilinear form, and
therefore induces a Clifford algebra Cl(V, 〈·, ·〉). The situation for K = C is
slightly more involved, since a complex inner product is conjugate linear in
its second coordinate. Hence, in order to obtain a Clifford algebra Cl(V, 〈·, ·〉)
for K = C, we have to assume further structure on V .
In particular, in the case K = C, we also suppose that we have selected
a conjugation map v 7→ v on V , which is a conjugate-linear self-map on V
satisfying v = v for v ∈ V . Then the complex inner product 〈·, ·〉 yields a
bilinear form b on V by b(v,w) = 〈v,w〉 for v,w ∈ V . Therefore, we may
define Cl(V, 〈·, ·〉) = Cl(V, b). We note that selecting a conjugation map on
V is equivalent to selecting a subspace of real elements W ⊂ V for which
V = W ⊗ C. In particular, the conjugation map is obtained from W by
w ⊗ z = w ⊗ z for w ∈ W, z ∈ C, while W is obtained from the conjugation
map as the space of self-conjugate elements of V .
As a vector space, the Clifford algebra Cl(V, 〈·, ·〉) is canonically isomor-
phic to ∧∗V . Through this isomorphism, we may consider the Clifford prod-
uct · as an alternate product on ∧∗V different from the wedge product ∧.
The products · and ∧ are moreover related in the following way: if we denote
by 〈w〉k the ∧
kV -component of an element w ∈ ∧∗V , then for all v1 ∈ ∧
k1V
and v2 ∈ ∧
k2V we have
(4.1) v1 ∧ v2 = 〈v1 · v2〉k1+k2 .
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Remark 4.1. For the sake of the reader less familiar with Clifford algebras,
we briefly detail the identification Cl(V, 〈·, ·〉) ∼= ∧∗V through the lens of an
induced basis.
Namely, let v,w ∈ V . The space V is naturally contained in Cl(V, 〈·, ·〉).
Moreover, the defining relation v·v = 〈v, v〉 for elements of V can be rewritten
in the form
(4.2) v · w + w · v = 〈v,w〉+ 〈w, v〉 .
Indeed, this follows from the relations (v + w) · (v + w) = 〈v + w, v + w〉,
v · v = 〈v, v〉, and w · w = 〈w,w〉, along with the use of the corresponding
distributive laws for the inner and Clifford products.
Suppose then that B = {e1, . . . , en} is an orthonormal basis of real ele-
ments of V . Here, we call an element v ∈ V real if v = v. Let i, j ∈ {1, . . . , n}
and i 6= j. Then we have 〈ei, ei〉 = 〈ei, ei〉 = 1. Consequently,
(4.3) ei · ei = 1.
Moreover, by (4.2) we have ei · ej + ej · ei = 〈ei, ej〉 + 〈ej , ei〉 = 〈ei, ej〉 +
〈ej , ei〉 = 0. Therefore,
(4.4) ei · ej = −ej · ei.
By the two rules (4.3) and (4.4), any arbitrarily large product of elements
of B can be reduced into the form ±ei1 · · · eik , where i1 < · · · < ik. It then
follows from the bilinearity of the Clifford product that any arbitrarily large
product of elements of V is a linear combination of elements ei1 · · · eik as
above. In fact, such elements form a basis of Cl(V, 〈·, ·〉), which we call the
induced basis of B; for details, see e.g. [5, Sections 5.1-5.2].
We may therefore identify Cl(V, 〈·, ·〉) with ∧∗V as a vector space by iden-
tifying ei1 · · · eik with ei1 ∧ · · · ∧ eik for i1 < · · · < ik. The relation (4.1)
between the wedge and Clifford products becomes clear from this identifica-
tion. Indeed, if two basis elements ei1 · · · eik and ej1 · · · ejl have no common
factors ei, then the anti-commutativity rule (4.4) yields that their wedge and
Clifford products remain the same. On the other hand, if a common factor
ei exists, then the wedge product vanishes, and the Clifford product is of
lower order than k + l due to (4.3).
The above construction of the identification Cl(V, 〈·, ·〉) ∼= ∧∗V depends
on the choice of basis B. However, every choice of orthonormal real basis B
in fact results in the same underlying map, and hence the identification is
canonical. For a coordinate-free approach to this isomorphism, see e.g. the
proof of [5, Theorem 5.2.1].
Due to its importance for our applications, we point out the following
simple norm estimate for the Clifford product. We provide a short proof for
the convenience of the reader.
Lemma 4.2. Let (V, 〈·, ·〉) be an n-dimensional inner product space over K,
where K ∈ {R,C}. If K = C, then suppose moreover that V has a fixed
conjugation map v 7→ v. Let · be the Clifford product induced by 〈·, ·〉 on
∧∗V , and let |·| be the norm induced by 〈·, ·〉 on ∧jV for all j ∈ {0, . . . , n}.
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Then there exists a C = C(n) > 0 for which the following holds: for all
k, k1, k2 ∈ {0, . . . , n}, and for all vi ∈ ∧
kiV for i = 1, 2, we have
|〈v1 · v2〉k| ≤ C |v1| |v2| .
Proof. Let {ei : i = 1, . . . , n} be an orthonormal basis of self-conjugate
elements of V , and denote by eI and eJ the induced basis elements on ∧
k1V
and ∧k2V , respectively, where I ∈ I and J ∈ J . Note that for all I and J ,
〈eI · eJ〉k is either a basis element, opposite of a basis element, or zero. We
write v1 =
∑
I∈I aIeI and v2 =
∑
J∈J bJeJ . Then
|〈v1 · v2〉k| =
∣∣∣∣∣∣
∑
I∈I,J∈J
aIbJ 〈eI · eJ 〉k
∣∣∣∣∣∣ ≤
∑
I∈I,J∈J
|aI | |bJ |
=
(∑
I∈I
|aI |
)(∑
J∈J
|bJ |
)
≤
√(
n
k1
)(
n
k2
)
|v1| |v2| ≤ 2
n |v1| |v2| .

4.2. Clifford products and conformal structures. Suppose then that
M is a closed, connected, oriented smooth n-manifold. Let g be a measurable
Riemannian metric on M . Then for almost every x ∈M , the inner product
〈·, ·〉g on T
∗
xM ⊗ K induces a Clifford product on ∧
∗T ∗xM ⊗ K, which we
denote by ·g to emphasize the dependence on g. Consequently, if ω1, ω2 ∈
Γ(∧∗M ;K), then we obtain a measurable ω1 ·g ω2 ∈ Γ(∧
∗M ;K). We note
that if K = C, then the real subspace T ∗xM ⊂ T
∗
xM ⊗ C provides us with
the conjugation map used to define ·g.
Consider now a metric ρ2g which is conformally equivalent to g. Then the
conformal change of metric affects the Clifford product in the following way:
if α ∈ Γ(∧lM ;K) and β ∈ Γ(∧mM ;K), then
(4.5)
〈
α ·ρ2g β
〉
k
= ρk−l−m 〈α ·g β〉k .
Indeed, this easily follows from (4.3) and (4.4) along with the fact that, if {εi}
is an 〈·, ·〉g-orthonormal basis of self-conjugate elements of T
∗
xM ⊗ K, then
{ρεi} is an 〈·, ·〉ρ2g-orthonormal basis of self-conjugate elements of T
∗
xM⊗K.
Hence, the Clifford product ·g depends on the choice of g ∈ [g]. How-
ever, as discussed in the introduction, this dependence may be eliminated
by introducing a non-linear version of the product with a suitable scaling
term, which we denote by ⊙g. Namely, suppose that α ∈ Γ(∧
lM ;K) and
β ∈ Γ(∧mM ;K). If l = m = 0, we define α ⊙g β = αβ using the usual
product on K. Otherwise, we define α⊙g β by
(4.6) α⊙g β = 1 +
n∑
k=1
〈α ·g β〉k∣∣〈α ·g β〉k∣∣ l+m−kl+mg
.
Note that, in case 〈α ·g β〉k = 0, we interpret the resulting 0/0-expression
in (4.6) as 0, since the power in the denominator is smaller than 1. The
exception to this would be if k = 0, and for this reason we have directly
defined the result for k = 0 to always be 1 in order to avoid issues. We then
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extend ⊙g to Γ(∧
∗M ;K) × Γ(∧∗M ;K) by summing over the results for all
components Γ(∧lM ;K)× Γ(∧mM ;K).
We observe that, if α ∈ Γ(∧lM ;K) and β ∈ Γ(∧mM ;K) with m 6= 0 or
l 6= 0, then
α⊙ρ2g β = 1 +
n∑
k=1
ρk−l−m 〈α ·g β〉k(
ρ−k
∣∣ρk−l−m 〈α ·g β〉k∣∣g
) l+m−k
l+m
= 1 +
n∑
k=1
ρk−l−m 〈α ·g β〉k
ρk−l−m
∣∣〈α ·g β〉k∣∣ l+m−kl+mg
= α⊙g β.
Moreover, if α ∈ Γ(∧0M ;K) and β ∈ Γ(∧0M ;K), then α ⊙ρ2g β = αβ =
α ⊙g β. Hence, the operation ⊙g depends only on the conformal structure
[g], and not on the choice of metric g within [g].
With this, we state the full definition of conformal formality in the Clifford
sense, including both the cases K = R and K = C.
Definition 4.3. LetM be a closed, connected, oriented, smooth n-manifold,
let [g] be a bounded conformal structure on M , and let K ∈ {R,C}. We say
that [g], as well as the manifold M admitting [g], is conformally K-formal in
the Clifford sense, if there exists a set Hng (M ;K) ⊂ H
n,≥
g (M ;K) for which
H∗g(M ;K) is closed under both addition and the scaled Clifford product ⊙g.
In case K = R, we may again also omit the R from the term.
If α ∈ Γ(∧lM ;K) and β ∈ Γ(∧mM ;K), then 〈α⊙g β〉l+m = α∧β. Hence,
if [g] is conformally K-formal in the Clifford sense, it is also conformally K-
formal in the sense of Section 3. Thus, the entire theory discussed in Section
3 also applies to structures which are conformally formal in the Clifford sense.
Remark 4.4. Note that the scaling used in (4.6) is not the only possible
option. Indeed, one alternative approach would have been to sum over the
terms
|α|(k−l−m)/(2l) |β|(k−l−m)/(2m) 〈α ·g β〉k ,
and many other similar conformally invariant approaches can also be devised.
However, for the most part these different approaches to scaling yield the
same structures [g] which are conformally K-formal in the Clifford sense,
essentially due to Lemma 3.4.
We end this section by showing that, instead of verifying that H∗g(M ;K) is
closed under ⊙g, it suffices to verify that a basis is mapped inside H
∗
g(M ;K)
by ⊙g. In the case of the wedge product this is immediately clear due to
bilinearity, but since ⊙g is non-linear, an extra argument is required.
Lemma 4.5. Let M be a closed, connected, oriented, smooth n-manifold, let
[g] be a bounded conformal structure on M , and let K ∈ {R,C}. Suppose that
there exists a vector space Hng (M ;K) ⊂ H
n,≥
g (M ;K) for which H∗g(M ;K) is
closed under addition. Moreover, suppose that there exists a finite graded
basis {ωi ∈ H
k
g(M ;K) : i ∈ I, 0 ≤ k ≤ n} of H
∗
g(M ;K) such that ωi ⊙g ωj ∈
H∗g(M ;K) for all i, j ∈ I. Then [g] is conformally formal in the Clifford
sense.
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Proof. Let i, j ∈ I, and let ωi ∈ H
l
g(M ;K) and ωj ∈ H
m
g (M ;K). We then
have ωi ∧ ωj = 〈ωi ⊙g ωj〉l+m ∈ H
∗
g(M ;K). Since the wedge product is
bilinear, it follows that H∗g(M ;K) is closed under the wedge product, and
therefore [g] is conformally K-formal in the non-Clifford sense.
Let then α ∈ Hlg(M ;K), β ∈ H
m
g (M ;K), and let k ∈ {0, . . . , n}. It
suffices to show that 〈α⊙g β〉k ∈ H
k
g(M ;K). Since elements ofH
0
g(M ;K) are
constant and H∗g(M ;K) is closed under scalar multiplication, we may assume
that (l,m) 6= (0, 0). Moreover, since 〈α⊙g β〉0 is the constant function 1 by
definition, we may also assume k > 0.
If ωi ∈ H
l
g(M ;K) and ωj ∈ H
m
g (M ;K) are basis elements for i, j ∈ I,
then by our assumption we have ωij = 〈ωi ⊙g ωj〉k ∈ H
k
g(M ;C). Moreover,
from the definition of ⊙g we see that |ωij|g = |〈ω1 ·g ω2〉k|
k/(l+m)
g . Hence,
multiplying the equation 〈ω1 ⊙g ω2〉k = ωij on both sides by |ωij|
(l+m)/k−1
g ,
we obtain
〈ω1 ·g ω2〉k = |ωij|
l+m
k
−1
g ωij .
Consequently, we may use the bilinearity of the Clifford product, and write
〈α ·g β〉k =
∑
i,j∈I
aij |ωij|
l+m
k
−1
g ωij,
where aij ∈ K and ωij ∈ H
k
g(M ;C). Now, since we have already shown [g] to
be conformally K-formal in the non-Clifford sense, it follows from Lemma 3.4
that for all indices i, j ∈ I, we have |ωij|g = Cijρ
k for some Cij ∈ [0,∞) and
a fixed function ρ : M → [0,∞). Since Hkg(M ;C) is closed under addition,
we conclude that
ρk−l−m 〈α ·g β〉k =
∑
i,j∈I
aijCijωij ∈ H
k
g(M ;C).
By again using Lemma 3.4, we obtain a constant C ∈ [0,∞) for which
|ρk−l−m〈α ·g β〉k|g = Cρ
k. It therefore follows that |〈α ·g β〉k|g = Cρ
l+m.
Now, we finally obtain that
〈α⊙g β〉k =
〈α ·g β〉k
(Cρl+m)
l+m−k
l+m
= C
k
l+m
−1
(
ρk−l−m 〈α ·g β〉k
)
∈ Hkg(M ;C).
Hence, we conclude that H∗g(M ;K) is closed under ⊙g, and therefore g is
conformally K-formal in the Clifford sense. 
5. Hodge theory for p-harmonic forms
In this section, we recall several regularity results of Hkg(M ;K) based on
non-linear Hodge theory. Our main reference for the results is the paper
of Iwaniec, Scott, and Stroffolini [13]. Note that [13] is written for K =
R. However, for most of the results we require from [13], an exposition of
how their proof also works in the case K = C can already be found in [15,
Section 4.3]. For the remaining smaller results not covered in [15], we give
an exposition in this chapter on how their proofs also apply when K = C.
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5.1. Existence and higher integrability results. Let M be a closed,
connected, oriented Riemannian manifold, with Riemannian metric g0. Let
p ∈ (1,∞), and let q = p/(p − 1). A (nonhomogeneous) Hodge system of
exponent p, in the language of [13], is a family of differential equations on
M of the form
dφ = 0,(5.1)
d∗ψ = 0,(5.2)
ψ + ψ0 = G(φ+ φ0),(5.3)
where φ0 ∈ L
p(∧kM ;K), ψ0 ∈ L
q(∧kM ;K) are initial data, and φ ∈
Lp(∧kM ;K), ψ ∈ Lq(∧kM ;K) are the solutions. Here, d∗ is the usual cod-
ifferential d∗ = (−1)nk+1 ⋆g0 d ⋆g0 , and G : L
p(∧kM ;K) → Lq(∧kM ;K) is a
point-wise defined measurable operator satisfying three conditions:
|G(ξ)− G(ζ)|g0 ≤ C(|ξ|g0 + |ζ|g0)
p−2 |ξ − ζ|g0 ,(5.4)
Re 〈G(ξ)− G(ζ), ξ − ζ〉g0 ≥ C
−1(|ξ|g0 + |ζ|g0)
p−2 |ξ − ζ|2g0 ,(5.5)
G(tξ) = t |t|p−2 G(ξ),(5.6)
for ξ, ζ ∈ (∧kT ∗xM)⊗K, t ∈ K, x ∈M .
Let [g] be a bounded conformal structure onM , and let k ∈ {1, . . . , n−1}.
The equations of Hkg(M ;K) given in (1.1)-(1.2) are then an example of a
Hodge system for a conformally invariant operator G = Gk, which we define
by
(5.7) Gk(ξ) = ⋆g0
(
|ξ|
n
k
−2
g ⋆g ξ
)
.
We point out that Gk satisfies (5.4)-(5.6) for p = n/k, and hence elements
ofHkg(M ;K) are solutions φ of the equations (5.1)-(5.3) for data φ0 = ψ0 = 0.
The fact that that Gk satisfies (5.4)-(5.6) follows from the inequalities∣∣ |v|p−2 v − |w|p−2w∣∣ ≤ C (|v|+ |w|)p−2 |v − w| and(5.8) 〈
|v|p−2 v − |w|p−2w, v − w
〉
≥ C−1(|v|+ |w|)p−2 |v − w|2 ,(5.9)
which hold in every real inner product space (V, 〈·, ·〉) for all v,w ∈ V and
p ∈ (1,∞), where C depends only on p. For complex inner products 〈·, ·〉,
note that Re 〈·, ·〉 is a real inner product which induces the same norm, and
the above estimates may therefore be applied to it. Since Gk is conformally
invariant, we may assume that (2.1) holds for g, and hence (5.4)-(5.6) follow
from (5.8), (5.9) applied to Re 〈·, ·〉g.
We now state the existence and higher integrability result of solutions.
For a (long and technical) proof in the case K = R, see the more general
results given in [13, Theorems 8.4 and 8.8]. For K = C, the same proof
remains valid with extremely minor changes; see the in-depth discussion in
[15, Section 4.3]. In preparation for the statement, we define the spaces
Lp,♯(∧kM) =
⋃
q>p
Lq(∧kM), and
Lp,♭(∧kM) =
⋂
q<p
Lq(∧kM).
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Theorem 5.1. Let M be a closed, connected, oriented Riemannian n-mani-
fold with Riemannian metric g0, and let [g] be a bounded measurable confor-
mal structure on M . Let k ∈ {1, . . . , n − 1}, let K ∈ {R,C}, and let Gk be
as in (5.7). Then for all
φ0 ∈ L
n
k (∧kM ;K) and ψ0 ∈ L
n
n−k (∧kM ;K),
there exist unique
φ ∈ L
n
k (∧kM ;K) and ψ ∈ L
n
n−k (∧kM ;K),
for which φ = dα for some α ∈ Ln/k(∧k−1M ;K) and (φ,ψ) satisfy (5.1)-
(5.3) for data φ0, ψ0,Gk.
If, moreover, φ0 ∈ L
n/k,♯(∧kM ;K) and ψ0 ∈ L
n/(n−k),♯(∧kM ;K), then
also φ ∈ Ln/k,♯(∧kM ;K) and ψ ∈ Ln/(n−k),♯(∧kM ;K).
We now apply Theorem 5.1 to obtain several properties of Hkg(M ;K). The
first consequence is an existence property for elements of Hkg(M ;K).
Lemma 5.2. Let M be a closed, connected, oriented Riemannian n-manifold
with Riemannian metric g0, and let [g] be a bounded measurable conformal
structure on M . Let k ∈ {1, . . . , n − 1}, and let K ∈ {R,C}. Then for
every k-form η ∈ Ln/k(∧kM ;K) with dη = 0 weakly, there exists a unique
ω ∈ Hkg(M ;K) for which η − ω = dτ for some τ ∈ L
n/k(∧k−1M ;K).
Proof. We apply Theorem 5.1 with φ0 = η and ψ0 = 0. Now, (φ,ψ) is a
solution if and only if φ+ φ0 ∈ H
k
g(M ;K). We therefore have ω = η + φ for
the unique solution (φ,ψ). 
For the second property, we recall the Lp Hodge decomposition. Namely,
suppose that ω ∈ Lp(∧kM ;K) for some k ∈ N and 1 < p <∞. Then ω can
be uniquely written as the sum of three forms α, β, γ ∈ Lp(∧kM ;K) with
specific properties. First, α is the weak differential α = dξ of some form
ξ ∈ Lp(∧k−1M ;K). Second, β is the weak codifferential β = d∗ζ of some
form ζ ∈ Lp(∧k+1M ;K). Third, we have dγ = d∗γ = 0 in the weak sense.
In particular, γ is harmonic, and therefore smooth.
For a proof of the Lp Hodge decomposition, see [31, Proposition 6.5] or
[13, Theorem 5.7]. While the proofs are for K = R, the case K = C can
in fact be reduced to the real case, since Lp(∧kM ;C) = Lp(∧kM ;R) ⊗ C
and the operators d and d∗ are linear. Note also that if dω = 0, then in
the decomposition for ω we have β = 0. Indeed, otherwise we could also
decompose ω = α + 0 + (β + γ), which would violate the uniqueness of the
decomposition.
Lemma 5.3. Let M be a closed, connected, oriented Riemannian n-mani-
fold with Riemannian metric g0, and let [g] be a bounded measurable con-
formal structure on M . Let k ∈ {1, . . . , n − 1}, and let K ∈ {R,C}. Then
Hkg(M ;K) ⊂ L
n/k,♯(∧kM ;K).
Proof. Let ω ∈ Hkg(M ;K). We take the L
n/k Hodge decomposition ω =
α+ β + γ. Since dω = 0, we have β = 0 as discussed before.
We now apply Theorem 5.1 for φ0 = γ and ψ0 = 0. Now, (φ,ψ) =
(α,Gk(ω)) is a valid solution, so by uniqueness it is the only one. Since γ is
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harmonic and therefore smooth, it is in Ln/k,♯(∧kM ;K). Hence, we obtain
that α = φ ∈ Ln/k,♯(∧kM ;K), and therefore ω = α + γ ∈ Ln/k,♯(∧kM ;K).

Finally, using the properties shown so far, we give a version of Theorem
5.1 which in fact more closely resembles the Lp Hodge decomposition.
Proposition 5.4. Let M be a closed, connected, oriented Riemannian n-
manifold with Riemannian metric g0, let [g] be a bounded measurable confor-
mal structure on M , and let g ∈ [g]. Let k ∈ {1, . . . , n− 1} and K ∈ {R,C}.
Then we may express every k-form ω ∈ Ln/k(∧kM ;K) in the form
ω = dα+ |dβ|
n
n−k
−2
g ⋆g dβ + γ,
where dα ∈ Ln/k(∧kM ;K), dβ ∈ Ln/(n−k)(∧n−kM ;K), and γ ∈ Hkg(M ;K)
are all unique. Moreover, if ω ∈ Ln/k,♯(∧kM ;K), then we also have dα ∈
Ln/k,♯(∧kM ;K) and dβ ∈ Ln/(n−k),♯(∧n−kM ;K).
Proof. We apply Theorem 5.1 with ψ0 = ⋆g0 ω ∈ L
n/k(∧n−kM ;K) and φ0 =
0. We obtain
ω = |φ|
n
n−k
−2
g ⋆g φ− (−1)
k(n−k) ⋆g0 ψ.
Here φ = dβ ∈ Ln/(n−k)(∧n−kM ;K) and ψ ∈ Ln/k(∧n−kM ;K) ∩ ker d∗ are
unique. Moreover, if ω ∈ Ln/k,♯(∧kM ;K), then dβ ∈ Ln/(n−k),♯(∧n−kM ;K)
and ψ ∈ Ln/k,♯(∧n−kM ;K).
Finally, since ψ ∈ ker d∗, we have ⋆g0 ψ ∈ ker d. Hence, we may use
Lemma 5.2 on ⋆g0 ψ, and obtain that ⋆g0 ψ = dα + γ for some unique γ ∈
Hkg(M ;K). Moreover, if ω ∈ L
n/k,♯(∧kM ;K), then by Lemma 5.3 we have
dα = ⋆g0 ψ − γ ∈ L
n/k,♯(∧kM ;K). The claim follows. 
For a ω ∈ Ln/k(∧kM) with k ∈ {1, . . . , n − 1}, and for a bounded mea-
surable conformal structure [g] on M , we call the unique triple (dα, dβ, γ)
provided by Proposition 5.4 the conformal Hodge decomposition of ω with
respect to [g]. We point out that the decomposition indeed depends only on
the conformal structure.
Lemma 5.5. Let M be a closed, connected, oriented Riemannian n-mani-
fold, and let [g] be a bounded measurable conformal structure on M . Let
ω ∈ Ln/k(∧kM ;K), where k ∈ {1, . . . , n − 1} and K ∈ {R,C}. Then the
conformal Hodge decomposition (dα, dβ, γ) of ω provided by Proposition 5.4
does not depend on the choice of g ∈ [g].
Proof. Let ρ : M → (0,∞) be measurable, and let (dα, dβ, γ) be the con-
formal Hodge decomposition of ω obtained using the metric g ∈ [g]. By
uniqueness, it suffices to show that (dα, dβ, γ) is also a conformal Hodge de-
composition of ω for ρ2g ∈ [g]. However, this is true, since γ ∈ Hkg(M ;K) =
Hkρ2g(M ;K) and since
|dβ|
n
n−k
−2
ρ2g
⋆ρ2g dβ =
(
ρ−(n−k) |dβ|g
) n
n−k
−2
ρn−2(n−k) ⋆g dβ
= ρ(2(n−k)−n)+(n−2(n−k)) |dβ|
n
n−k
−2
g ⋆g dβ = |dβ|
n
n−k
−2
g ⋆g dβ.

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5.2. Continuity. The final regularity result we require is a continuity prop-
erty associated with Lemma 5.2. For K = R, it is a special case of [13, The-
orem 8.5], with the essential ideas of its proof explained in [13, Proposition
7.1]. However, for the convenience of the reader, we present a proof which
also takes into account the case K = C.
Theorem 5.6. Let M be a closed, connected, oriented Riemannian n-mani-
fold with Riemannian metric g0, and let [g] be a bounded measurable con-
formal structure on M . Let k ∈ {1, . . . , n − 1}, and let K ∈ {R,C}. Then
there exist constants C ∈ (0,∞) and t ∈ (0, 1) with the following property:
for all k-forms η, η′ ∈ Ln/k(∧kM ;K) with dη = dη′ = 0 weakly, and for the
corresponding unique ω, ω′ ∈ Hkg(M ;K) provided by Lemma 5.2, we have
∥∥ω − ω′∥∥
n/k,g
≤ C
(
‖ω‖n/k,g +
∥∥ω′∥∥
n/k,g
)1−t ∥∥η − η′∥∥t
n/k,g
.
Proof. We may assume that g ∈ [g] satisfies volg = volg0 , and therefore
also that (2.1) holds. We have η − ω = dτ and η′ − ω′ = dτ ′ for some
τ, τ ′ ∈ Ln/k(∧kM ;K). We claim that
(5.10)
∫
M
〈
ω − ω′, |ω|
n
k
−2
g ω −
∣∣ω′∣∣nk−2
g
ω′
〉
g
volg
=
∫
M
〈
η − η′, |ω|
n
k
−2
g ω −
∣∣ω′∣∣nk−2
g
ω′
〉
g
volg .
Indeed, this follows from the computation∫
M
〈
(η − ω)− (η′ − ω′), |ω|
n
k
−2
g ω −
∣∣ω′∣∣nk−2
g
ω′
〉
g
volg
=
∫
M
(dτ − dτ ′) ∧
(
|ω|
n
k
−2
g ⋆g ω −
∣∣ω′∣∣nk−2
g
⋆g ω
′
)
=
∫
M
(τ − τ ′) ∧ d
(
|ω|
n
k
−2
g ⋆g ω −
∣∣ω′∣∣nk−2
g
⋆g ω
′
)
=
∫
M
(τ − τ ′) ∧ 0 = 0.
The first part of the proof is to obtain an estimate for the integral of
(|ω|g + |ω
′|g)
n
k
−2 |ω − ω′|2g. By using (5.9) and (5.10) we obtain
∫
M
(|ω|g +
∣∣ω′∣∣
g
)
n
k
−2
∣∣ω − ω′∣∣2
g
volg
≤ C
∫
M
Re
〈
|ω|
n
k
−2
g ω −
∣∣ω′∣∣nk−2
g
ω′, ω − ω′
〉
g
volg
≤ C
∣∣∣∣
∫
M
〈
|ω|
n
k
−2
g ω −
∣∣ω′∣∣nk−2
g
ω′, ω − ω′
〉
g
volg
∣∣∣∣
= C
∣∣∣∣
∫
M
〈
|ω|
n
k
−2
g ω −
∣∣ω′∣∣nk−2
g
ω′, η − η′
〉
g
volg
∣∣∣∣ .
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Hence, a use of Hölder’s inequality yields∫
M
(|ω|g +
∣∣ω′∣∣
g
)
n
k
−2
∣∣ω − ω′∣∣2
g
volg
≤ C
∥∥η − η′∥∥n
k
,g
∥∥∥|ω|nk−2g ω − ∣∣ω′∣∣nk−2g ω′
∥∥∥
n
n−k
,g
≤ C
∥∥η − η′∥∥n
k
,g
(∥∥∥|ω|nk−2g ω∥∥∥ n
n−k
,g
+
∥∥∥∣∣ω′∣∣nk−2g ω′
∥∥∥
n
n−k
,g
)
= C
∥∥η − η′∥∥n
k
,g
(
‖ω‖
n−k
k
n
k
,g +
∥∥ω′∥∥n−kkn
k
,g
)
≤ 2C
∥∥η − η′∥∥n
k
,g
(
‖ω‖n
k
,g +
∥∥ω′∥∥n
k
,g
)n−k
k
We then let s = max(k, n− k), and u = 2s/n. It follows that u > 1, and
n
k
−
2
u
=
n
k
−
n
s
≥ 0.
Hence, we may now estimate by the triangle inequality that
∣∣ω − ω′∣∣nk
g
≤
(
|ω|g +
∣∣ω′∣∣
g
)n
k
− 2
u
∣∣ω − ω′∣∣ 2u
g
=
(
|ω|g +
∣∣ω′∣∣
g
) 1
u(
n
k
−2) ∣∣ω − ω′∣∣ 2u · (|ω|g + ∣∣ω′∣∣g)
n
k
·u−1
u
.
Another use of Hölder’s inequality yields
∥∥ω − ω′∥∥n
k
,g
≤
(∫
M
(|ω|g +
∣∣ω′∣∣
g
)
n
k
−2
∣∣ω − ω′∣∣2
g
volg
) k
nu
(∫
M
(
|ω|g +
∣∣ω′∣∣
g
)n
k
volg
) k(u−1)
nu
By chaining our estimates, and using the triangle inequality of the Lp norm,
we obtain
∥∥ω − ω′∥∥n
k
,g
≤ 2C
∥∥η − η′∥∥ knun
k
,g
(
‖ω‖n
k
,g +
∥∥ω′∥∥n
k
,g
)n−k
nu
+u−1
u
.
The claim hence follows. 
6. Conformal cohomology and the embedding theorem
Our goal in this section is to prove Theorems 1.4 and 1.6. For this, the
key tool we use is conformal cohomology. We first discuss our choice of
conformal cohomology theory, and recall the two key properties we require:
isomorphism with singular cohomology, and unique representation by ele-
ments of H∗g(M ;K). With these tools, we then complete the proof of the
cohomological embedding theorem for conformally formal manifolds.
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6.1. Cohomology in the conformal exponent. Let M be a closed, con-
nected, oriented Riemannian n-manifold, with Riemannian metric g0. The
idea of conformal cohomology is to consider a chain complex consising of
measurable k-forms ω ∈ L
n/k
loc (∧
kM ;K) which have a weak differential dω ∈
L
n/(k+1)
loc (∧
k+1M ;K). The cohomology of this complex is very close to the
usual singular and de Rham cohomologies. However, a difference occurs at
the endpoints in the complex, due to the failure of Poincaré inequalities for
the extremal exponents 1 and ∞.
Currently, several approaches exist in the literature to modifying the afore-
mentioned chain complex so that this difference with usual de Rham coho-
mology is eliminated. We use the beginning of this section to briefly survey
some such approaches. Note that we present the global versions of the chain
complexes, since we’ve restricted our attention to closed manifolds M ; for
non-compact M , all integrability conditions would have to be replaced with
local versions.
In [16], the author and Pankka present an approach which modifies only
the ends of the complex. The corresponding chain complex, WCE(∧∗M ;K),
is defined by
WCE(∧0M ;K) =
{
ω ∈ L∞,♭(∧0M ;K) : dω ∈ Ln(∧1M ;K)
}
,
WCE(∧kM ;K) =
{
ω ∈ L
n
k (∧kM ;K) : dω ∈ L
n
k+1 (∧k+1M ;K)
}
for 1 ≤ k ≤ n− 2,
WCE(∧n−1M ;K) =
{
ω ∈ L
n
n−1 (∧n−1M ;K) : dω ∈ L1,♯(∧nM ;K)
}
,
WCE(∧nM ;K) = L1,♯(∧nM ;K),
where the differentials are defined weakly. The weak differential d is a chain
map for the complex WCE(∧∗M), and the k:th cohomology of this complex
is denoted HkCE(M).
The cohomology spaces HkCE(M ;K) are naturally isomorphic with the
singular cohomology spaces Hk(M ;K); see [16, Section 4] and [15, (3.1)].
The main advantage of this complexWCE(∧∗M ;K) is that every cohomology
class [ω] ∈ HkCE(M ;K) for 0 < k < n is complete under the conformally
invariant norm ‖·‖n/k,g0; see [16, Lemma 3.3] and [15, Lemma 3.2]. A major
disadvantage, however, is that WCE(∧∗M ;K) is not closed under the wedge
product. Hence, we do not inherit a natural ring structure in H∗CE(M) from
the complex WCE(∧∗M ;K).
Two other approaches are given in [4] by Donaldson and Sullivan. For the
first one, the complex is given by
WCE♯(∧0M ;K) =
{
ω ∈ C(∧0M ;K) : dω ∈ Ln,♯(∧1M ;K)
}
,
WCE♯(∧kM ;K) =
{
ω ∈ L
n
k
,♯(∧kM ;K) : dω ∈ L
n
k+1
,♯(∧k+1M ;K)
}
for 1 ≤ k ≤ n− 1,
WCE♯(∧nM ;K) = L1,♯(∧nM ;K),
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where C(∧0M ;K) denotes the space of continuous 0-forms on M , and the
differentials are again interpreted weakly. We denote the resulting coho-
mology by H∗CE♯(M ;K). The cohomology H
∗
CE♯(M ;K) is naturally isomor-
phic to H∗(M ;K), and now a natural wedge product structure exists by
[ω] ∧ [τ ] = [ω ∧ τ ] for ω, τ ∈WCE♯(∧∗M ;K) ∩ ker d. The main disadvantage
of the complex is the lack of completeness properties with respect to any
norm.
The other approach of Donaldson and Sullivan is by a more complicated
norm on k-forms, where one fixes parameters ρ, ε ∈ (0, 1) and defines a norm
‖ω‖p,ρ,ε = inf


√√√√ ∞∑
i=1
ρ−i ‖fi‖
2
p+εi : fi ∈ L
p+εi(M),
∥∥∥∥∥|ω|g0 −
j∑
i=1
fi
∥∥∥∥∥
p
−−−→
j→∞
0


for p ∈ [1,∞) and ω ∈ Lp(∧kM ;K). This defines a subspace Lpρ,ε(∧kM ;K) ⊂
Lp(∧kM ;K) which is complete under ‖ω‖p,ρ,ε. Then the complex defined by
WDS(∧0M ;K) =
{
ω ∈ C(∧0M ;K) : dω ∈ Lnρ,ε(∧
1M ;K)
}
,
WDS(∧kM ;K) =
{
ω ∈ L
n
k
ρ,ε(∧
kM ;K) : dω ∈ L
n
k+1
ρ,ε (∧
k+1M ;K)
}
for 1 ≤ k ≤ n− 1,
WDS(∧nM ;K) = L1ρ,ε(∧
nM ;K)
yields a cohomology space naturally isomorphic to H∗(M ;K). We denote
this cohomology space by H∗DS(M ;K). The space H
∗
DS(M ;K) provides both
a natural wedge product in cohomology and a Banach space structure, at
the cost of a parameter-dependent norm which is only quasi-preserved under
conformal maps.
In this paper, we mainly use the space H∗CE♯(M ;K). It has two im-
portant properties for us: elements of WCE♯(∧0M ;K) are continuous, and
H∗CE♯(M ;K) inherits a natural wedge product structure from the chain com-
plex. The lack of these properties for H∗CE(M ;K) makes it worse suited for
the results of this paper. Moreover, the extra Banach space properties of
H∗DS(M ;K) are unnecessary for our results, so we choose H
∗
CE♯(M ;K) over
it to avoid the complications involved with using Lpρ,ε-norms.
As discussed before, the cohomology space H∗CE♯(M ;K) is isomorphic to
H∗(M ;K). Indeed, this is stated in [4, Proposition 4.2] in the case n = 4
with real coefficients, referring to sheaf-theoretic arguments for the proof. A
more detailed explanation of such sheaf-theoretic arguments can be found in
[16, Section 4], where they are used to show that H∗CE(M ;R) is isomorphic
to H∗(M ;R) as a graded vector space.
However, for the convenience of the reader, we provide an alternative proof
using the Lp Hodge decomposition, which reduces the question to the similar
isomorphism result for smooth de Rham cohomology H∗dR(M ;K). Note that
the proof can also be used for H∗CE(M ;K) with minor changes, providing a
possible alternative for the discussion in [16, Section 4] in the case of closed
manifolds.
Lemma 6.1. LetM be a closed, connected, oriented Riemannian n-manifold,
and let K ∈ {R,C}. Then the map H∗
dR
(M ;K) → H∗
CE♯(M ;K) induced by
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the inclusion of chain complexes C∞(∧∗M ;K) →֒WCE♯(∧∗M ;K) is an iso-
morphism of algebras.
Proof. Let ι denote the map H∗dR(M ;K) → H
∗
CE♯(M ;K) induced by the
inclusion maps C∞(∧∗M ;K) →֒ WCE♯(∧∗M ;K). Since the inclusion maps
are linear and commute with the boundary maps d, the map ι is well defined
and linear. Moreover, since the inclusions respect wedge products, the map
ι is a homomorphism of algebras. It remains to show that ι is bijective.
For surjectivity, the argument is essentially as in e.g. [15, Lemma 3.3].
Suppose [ω] ∈ HkCE♯(M ;K), with the goal of finding a ω
′ ∈ C∞(∧kM ;K)
with [ω′] = [ω]. Consider first the case k > 1. Then ω ∈ Lp(∧kM ;K) for
some p > n/k ≥ 1. Since dω = 0, we obtain by the Lp Hodge decomposition
that ω = dτ + γ, where τ ∈ Lp(∧k−1M ;K) and γ is harmonic. By the
Sobolev–Poincaré inequality, we may assume τ ∈WCE♯(∧k−1M ;K); see e.g.
[6] for the case K = R, which also easily implies the case K = C. Hence, γ
is a smooth form contained in [ω], concluding the case.
The case k = 1 is done as above, by decomposing ω = dτ + γ and show-
ing that τ ∈ WCE♯(∧0M ;K). However, instead of using the aforementioned
Sobolev–Poincaré inequality to show this, we note that the 0-form τ is a
Sobolev function in a space W 1,p(M ;K) with p > n. Therefore τ is con-
tinuous by the Sobolev embedding theorem, and hence τ ∈WCE♯(∧0M ;K).
Finally, for the remaining case k = 0, we note that Sobolev functions with
zero weak gradient are locally a.e. constant, see e.g. [10, Lemma 1.16].
Therefore, WCE♯(∧0M ;K) ∩ ker d = C∞(∧0M ;K) ∩ ker d as they both con-
sist of constant functions, and the remaining case k = 0 of surjectivity is
thus complete.
It remains to show injectivity. Let ω ∈ C∞(∧kM ;K) ∩ ker d be such
that ω = dτ for some τ ∈ WCE♯(∧k−1M ;K). Then we may take the
classical (smooth) Hodge decomposition of ω: ω = α + β + γ where α ∈
dC∞(∧k−1M ;K), β ∈ d∗C∞(∧k−1M ;K), and γ is harmonic. However, now
ω = dτ and ω = α+β+γ are two Lp Hodge decompositions of ω. By unique-
ness, we conclude that β = γ = 0, and therefore ω ∈ dC∞(∧k−1M ;K).
Injectivity of ι follows, concluding the proof. 
6.2. The p-harmonic representation. Suppose then that [g] is a bounded
conformal structure on M . We now recall how, for k ∈ {0, . . . , n − 1},
HkCE♯(M ;K) is uniquely represented by H
k
g(M ;K). The result follows rather
quickly from the facts presented in Section 5.
Lemma 6.2. Let M be a closed, connected, oriented, Riemannian n-mani-
fold, let [g] be a bounded conformal structure on M , and let K ∈ {R,C}.
Then for every k ∈ {0, . . . , n − 1} we have Hkg(M ;K) ⊂ W
CE♯(∧kM ;K).
Moreover, the map Hkg(M ;K)→ H
k
CE♯(M ;K) which maps ω ∈ H
k
g(M ;K) to
its cohomology class [ω] is bijective.
Proof. The case k = 0 is clear since H0g(M ;K) consists of only the constant
functions, and every cohomology class of H0CE♯(M ;K) is a singleton of a
constant function.
Let now k ∈ {1, . . . , n − 1}, and let ω ∈ Hkg(M ;K). By Lemma 5.3, we
have ω ∈ Ln/k,♯(∧kM ;K). Moreover, we have dω = 0 ∈ Ln/(k+1),♯(∧kM ;K).
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Hence, ω ∈ WCE♯(∧kM ;K), and it belongs to a cohomology class [ω] ∈
HkCE♯(M ;K).
Suppose then that c is a cohomology class in HkCE♯(M ;K). By Lemma
6.1, c = [ω0] for some smooth element ω0 ∈ C
∞(∧kM ;K). By Lemma 5.2,
there exists a unique ω ∈ Hkg(M ;K) such that ω − ω0 = dτ . Since ω, ω0 ∈
Ln/k,♯(∧kM ;K), we obtain similarly as in the proof of Lemma 6.1 that dτ ∈
dWCE♯(∧k−1M ;K), by using either the Sobolev-Poincaré inequality if k > 1
or the Sobolev embedding theorem is k = 1. Hence, there exists a unique
ω ∈ c ∩Hkg(M ;K), which shows the bijectivity part of the claim. 
We then separately consider the special case Hng (M ;K), which we have
only defined for conformally formal [g].
Lemma 6.3. Let M be a closed, connected, oriented, Riemannian n-mani-
fold, and let [g] be a conformally K-formal bounded conformal structure
on M , where K ∈ {R,C}. Suppose that Hkg(M ;K) 6= {0} for some k ∈
{1, . . . , n − 1}. Then Hng (M ;K) ⊂ W
CE♯(∧kM), and the map Hng (M ;K) →
Hn
CE♯(M ;K) which maps ω ∈ H
n
g (M ;K) to its cohomology class [ω] is bijec-
tive.
Proof. Let g0 be a smooth Riemannian metric on M , in which case we have
d([g], [g0]) <∞. Let g ∈ [g] be such that volg = volg0 . By our assumptions,
there exists an ω′ ∈ Hkg(M ;K) \ {0} for some k ∈ {1, . . . , n− 1}. By Lemma
3.6, elements of Hng (M ;K) are of the form ω = C |ω
′|n/kg volg for C ∈ R.
Since ω′ ∈ Ln/k,♯(∧kM ;K) by Lemma 5.3, we obtain by (2.1) that ω ∈
L1,♯(∧nM ;K) = WCE♯(∧nM ;K).
Hence, we have a well-defined map Hng (M ;K)→ H
n
CE♯(M ;K) by ω 7→ [ω].
Since both Hng (M ;K) and H
n
CE♯(M ;K)
∼= Hn(M ;K) are 1-dimensional K-
vector spaces, it suffices to show that this map is injective. Suppose then that
ω ∈ Hng (M ;K) and [ω] = [0]. Then ω = dτ for some τ ∈ W
CE♯(∧n−1M ;K).
By a measurable Stokes’ theorem, it follows that
∫
M ω = 0. However, since
ω ∈ Hn,≥g (M ;K), we have that ⋆g ω remains on a fixed half-line starting from
0. Hence,
∫
M ω = 0 is only possible if ω = 0, and the proof is concluded. 
6.3. The embedding theorem. We are now ready to prove Theorems 1.4
and 1.6, providing our main topological obstruction to the conformal formal-
ity of a manifold. We first recall the statements of the theorems by giving a
version which includes the case K = C, as well as both the wedge product
and Clifford product cases.
Theorem 6.4. Let M be a closed, connected, oriented, smooth n-manifold.
Suppose that M is conformally K-formal, where K ∈ {R,C}. Then there
exists an embedding of graded algebras Φ: H∗(M ;K) → ∧∗Kn which maps
the cup product to the exterior product. The map Φ can be selected as such
that its image is closed under the Hodge star. Moreover, if M is conformally
K-formal in the Clifford sense, then Φ can also be selected as such that its
image is closed under the Euclidean Clifford product of ∧∗Kn.
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The argument is essentially the same as in [15], but additional attention
has been given to the extra product structure provided by our assumption.
Lemma 3.4 gives us the necessary information to perform the argument.
Proof. We may assume Hk(M ;K) 6= {0} for some k ∈ {1, . . . , n−1}. Indeed,
otherwise H∗(M ;K) ∼= H∗(Sn;K) which embeds into ∧∗Kn in the desired
way. Let [g] be a conformally K-formal bounded conformal structure on M .
By classical de Rham theory, we have H∗dR(M ;K)
∼= H∗(M ;K) as alge-
bras, where in this isomorphism, a smooth de Rham cohomology class [ω] is
mapped to integration of ω over simplicial chains. By Lemma 6.1, we have
H∗CE♯(M ;K)
∼= H∗dR(M ;K). Moreover, by Lemmas 6.2 and 6.3, along with
the conformal K-formality of [g], we have H∗g(M ;K)
∼= H∗CE♯(M) by the map
ω 7→ [ω].
It therefore remains to find a suitable embedding H∗g(M ;K) → ∧
∗
K
n.
The idea is to map ω 7→ ωx ∈ ∧
∗T ∗xM ⊗ K
∼= ∧∗Kn for some x satisfying
ρg(x) > 0, and then to use Lemma 3.4 in order to see that this map is
injective. The entire remainder of the proof is then merely working around
the technicality that our objects are measurable, and hence equalities such
as the one given by Lemma 3.4 hold only almost everywhere.
By Corollary 3.5, all elements ω ∈ H∗g(M ;K) share the same support,
which we denote S ⊂ M By Lemma 6.2 and the assumption Hk(M ;K) 6=
{0}, there exists a non-zero element ω ∈ H∗g(M ;K) for some k > 0. Hence,
the set S must necessarily have positive measure.
Note that H∗g(M ;K) is finite dimensional due to being isomorphic to
H∗(M ;R), which for closedM is finite-dimensional. We define an inner prod-
uct 〈·, ·〉H on H
k
g(M ;K) for every k ∈ {1, . . . , n}: for any ω1, ω2 ∈ H
k
g(M ;K),
we let 〈ω1, ω2〉H be the almost everywhere constant value which the function
ρ−2k 〈ω1, ω2〉g assumes on S.
By finite-dimensionality of H∗g(M ;K), we may then select for every k ∈
{1, . . . , n} an orthonormal basis {ωk,1, . . . , ωk,mk} of H
k
g(M ;K). For k = 0,
we simply select as the single basis element ω0,1 the constant function x 7→ 1.
We now wish to select a point in S which satisfies specific conditions. We
do this by defining sets Si ⊂ S corresponding to each desired condition. First,
we let S1 be the set of x ∈ S for which (ωk,j)x 6= 0 for all k ∈ {1, . . . , n} and
j ∈ {1, . . . ,mk}. For a given pair of indices (j, k), this holds for a.e. x ∈ S
since sptωk,j = S. Since there are only finitely many such pairs of indices,
we have that S \ S1 has measure zero.
We then define S2 as the set of points x ∈ S for which 〈(ωk,i)x, (ωk,j)x〉g =
0 for all k ∈ {1, . . . , n} and i, j ∈ {1, . . . ,mk}. By Lemma 3.4 and the
orthonormality of the basis elements under 〈ω1, ω2〉H, this condition holds
for almost every x ∈ S for every such set of indices (i, j, k). Since there are
again only finitely many such sets of indices, we have that S \S2 has measure
zero.
Suppose then that k, l ∈ {0, . . . , n}, i ∈ {1, . . . ,mk} and j ∈ {1, . . . ,ml}.
Then, since H∗g(M ;K) is closed under ∧, we have
(6.1) (ωk,i) ∧ (ωl,j) = ai,j,k,l,1(ωk+l,1) + · · ·+ ai,j,k,l,mk+l(ωk+l,mk+l)
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a.e. on M , for some scalar coefficients ai,j,k,l,1, . . . , ai,j,k,l,mk+l ∈ K. We let
S3 be the set of x ∈ S at which (6.1) holds for every set of indices (i, j, k, l)
as above. Since there are again only finitely many such sets of indices, we
have again that S \ S3 has zero measure.
Similarly, suppose that k ∈ {1, . . . , n} and i ∈ {1, . . . ,mk}. Then we have
by Lemma 2.2 that
(6.2) |(ωk,i)|
n
k
−2
g ⋆g ωk,i = bi,k,1ωn−k,1 + · · ·+ bi,k,mn−kωn−k,mn−k
a.e. on M , for some scalar coefficients bi,k,1, . . . , bi,k,mn−k ∈ K. We again
select S4 to be the set of x ∈ S at which (6.2) holds for every set of indices
(i, k) as above. As previously, we have that S \ S4 has zero measure.
Finally, if [g] is not conformally K-formal in the Clifford sense, we select
S5 = S. If on the other hand [g] is conformally K-formal in the Clifford
sense, then for all j, k, l ∈ {0, . . . , n}, i ∈ {1, . . . ,mk} and i
′ ∈ {1, . . . ,mk},
we have
(6.3)
〈
ωk,i ⊙g ωl,i′
〉
j
= ci,i′,j,k,l,1ωj,1 + · · ·+ ci,i′,j,k,l,mjωj,m
a.e. on M , for some coefficients ci,i′,j,k,l,1, . . . , ci,i′,j,k,l,mj ∈ K. In this case,
we again select S5 to be the set of points of S at which (6.3) holds for every
set of indices (i, i′, j, k, l) as above, and again obtain that S \S5 is of measure
zero.
Now, since S is of positive measure, and since S \Si is of measure zero for
every i ∈ {1, . . . , 5}, the set S′ = S1 ∩ S2 ∩ · · · ∩ S5 is nonempty. Hence, we
may select a x ∈ S′.
We then define a function κ : H∗g(M ;K) → (∧
∗T ∗xM) ⊗ K by setting
κ(ωk,j) = (ωk,j)x for all basis elements ωk,j, and then by extending linearly.
Since x ∈ S1 ∩ S2, κ maps the basis of every H
k
g(M ;K) to a set of nonzero
elements in (∧kT ∗xM)⊗K which are pairwise orthogonal in 〈·, ·〉g. Therefore,
κ is injective. Since x ∈ S3, the map κ preserves the wedge product. Hence,
κ is an injective homomorphism of algebras.
Since x ∈ S4, the image set imκ has a basis which is mapped inside
imκ under the map α 7→ |α|n/k−2g ⋆g α. Since imκ is closed under scalar
multiplication, this same basis is also mapped inside im κ by the Hodge star
⋆g. By the linearity of ⋆g, it follows that imκ is closed under ⋆g.
Similarly, suppose that [g] is conformally K-formal in the Clifford sense.
Then, since x ∈ S5, the set imκ has a basis which is mapped inside imκ
by the scaled Clifford product ⊙g. Thus, since imκ is closed under scalar
multiplication, the basis is also mapped inside imκ by the Clifford product
·g. Hence, the bilinearity of ·g then implies that imκ is closed under ·g.
Finally, we define Φ = Θ ◦ κ, where Θ: (∧∗T ∗xM) ⊗ K → ∧
∗
K
n is an
orientation-preserving isometric isomorphism of algebras which maps the
real part (∧∗T ∗xM) ⊗ R ⊂ (∧
∗T ∗xM) ⊗ K into R
n ⊂ Kn. Since Θ preserves
all relevant properties, the claim follows. 
7. Consequences of the embedding theorem
In this section, we discuss some of the cohomological obstructions for
conformal formality implied by Theorems 1.4 and 1.6. In particular, we
give a full counterpart to Kotschick’s [17, Theorem 6] from the geometrically
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formal theory, as well as explain how the obstruction discussed in Theorem
1.2 is obtained from Theorem 1.6.
We restrict our discussion in this section to the case K = R. However,
since the complex versions of conformal formality imply the corresponding
real ones, every result therefore also immediately applies to the case K = C.
Throughout this section, we denote the standard basis of Rn by e1, . . . , en,
and use the shorthand ei1i2...il = ei1 ∧ ei2 ∧ · · · ∧ eil for i1, . . . , il ∈ {1, . . . , n}.
7.1. Obstructions for conformal formality. Let M be a closed, con-
nected, and oriented smooth n-manifold. Recall that the Betti numbers bi
of M are defined by bi = dimH
i(M ;R) for i ∈ {0, . . . , n}. An immediate
corollary of Theorem 1.4 is a version of the cohomological dimension bound
discussed in the main theorems of [27] and [15], as well as in [17, Theorem
6].
Corollary 7.1. Let M be a closed, connected, and oriented smooth n-mani-
fold. Suppose that M is conformally formal. Then for every k ∈ {0, . . . , n},
the k:th Betti number bk of M satisfies
bk ≤
(
n
k
)
.
Proof. Using the graded embedding Φ: H∗(M ;R) → ∧∗Rn of Theorem 1.4,
we see that bk = dimΦ(H
k(M ;R)) ≤ dim∧kRn =
(
n
k
)
. 
Similarly, following the argument of another part of [17, Theorem 6], we
obtain the following restriction on the first Betti number.
Corollary 7.2. Let M be a closed, connected, and oriented smooth n-mani-
fold. Suppose that M is conformally formal. Then the first Betti number b1
of M satisfies
b1 6= n− 1.
Proof. Let Φ: H∗(M ;R) → ∧∗Rn be the graded embedding of Theorem
1.4. Suppose towards contradiction that dimΦ(H1(M ;R)) = n − 1. Let
v1, . . . , vn−1 be a basis of Φ(H
1(M ;R)). Since Φ(H∗(M ;R)) is closed under
⋆ and ∧, we obtain that vn = ⋆(v1 ∧ · · · ∧ vn−1) ∈ Φ(H
1(M ;R)).
However, we have 〈vn, vi〉 e12...n = vi∧⋆ vn = (−1)
n−1vi∧(v1∧· · ·∧vn−1) =
0 for every i ∈ {1, . . . , n − 1}. Since vn ∈ span(v1, . . . , vn−1) this is only
possible if vn = 0. But this is a contradiction, since v1 ∧ · · · ∧ vn−1 6= 0. 
The final part of [17, Theorem 6] concerns the splitting of the middle Betti
number b2m of a 4m-manifold. In order to prove our counterpart to it, we
briefly recall the definition of this split. Suppose that σ : V ×V → R is a sym-
metric bilinear form on a finite-dimensional vector space. Then there exists
a σ-orthogonal basis {v1, . . . , vl} of V , that is, a basis such that σ(vi, vj) = 0
whenever i 6= j. The signature of σ is the triple (s0, s+, s−), consisting of
the numbers of basis elements vi for which σ(vi, vi) = 0, σ(vi, vi) > 0, and
σ(vi, vi) < 0, respectively. Moreover, the signature is independent on the
choice of such basis {v1, . . . , vl}.
Suppose then that M is a closed, connected, oriented 4m-manifold. The
intersection form of M is a bilinear form I : H2m(M ;R)×H2m(M ;R)→ R
defined by I(u, u′)V = u∪u′, where V is the orientation class ofM . Since 2m
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is even, I is symmetric, and moreover, the first component of the signature
of I vanishes due to Poincaré duality. Hence, we may write the signature of
I as (0, b+2m, b
−
2m), and obtain a split b2m = b
+
2m + b
−
2m.
Corollary 7.3. LetM be a closed, connected, and oriented smooth 4m-mani-
fold. Suppose that M is conformally formal. Then the two parts b+2m, b
−
2m of
the middle Betti number of M satisfy
b±2m ≤
1
2
(
4m
2m
)
.
Proof. Let Φ again be the graded embedding of Theorem 1.4. We denote
Φ(H2m(M ;R)) = Λ2m. We have a symmetric bilinear form σ on Λ2m de-
fined by v ∧ v′ = σ(v, v′)e12...n. Since Φ: H
2m(M ;R) → Λ2m is a bijective
isomorphism of algebras, it maps I-orthogonal bases to σ-orthogonal bases.
It follows that the signature of σ is (0, b+2m, b
−
2m) or (0, b
−
2m, b
+
2m), where the
order of the signs is determined by whether Φ maps the orientation class V
of M into a positive or negative multiple of e12...n.
We then note that, since Λ2m is closed under the Hodge star ⋆, it has
a decomposition Λ2m = Λ
+
2m ⊕ Λ
−
2m into positive and negative eigenspaces
of ⋆. Moreover, Λ+2m and Λ
−
2m are orthogonal to each other, due to the
eigenspaces of ⋆ in ∧2mR4m being orthogonal to each other. Hence, we may
select an orthonormal basis {v1, . . . , vl} of Λ2m consisting of elements of
Λ+2m and Λ
−
2m. If i, j ∈ {1, . . . , l} and i 6= j, then vi ∧ vj = vi ∧ (± ⋆ vj) =
±〈vi, vj〉 e12...n = 0, and therefore σ(vi, vj) = 0. Moreover, σ(vi, vi) = 1 if
vi ∈ Λ
+
2m, and σ(vi, vi) = −1 if vi ∈ Λ
−
2m. Consequently, the signature of σ
is (0,dimΛ+2m,dimΛ
−
2m).
We conclude that b+2m, b
−
2m ∈ {dimΛ
+
2m,dimΛ
−
2m}. Since the positive and
negative eigenspaces of ⋆ in ∧2mR4m both are of dimension
(4m
2m
)
/2, we obtain
that dimΛ±2m ≤
(4m
2m
)
/2. The claim follows. 
We note that the implications of Theorem 1.4 are not limited to the above
corollaries. This is demonstrated by e.g. the resulting obstruction to the
conformal formality of #15(S2 × S4) discussed in the introduction.
7.2. The Clifford case. We then discuss the case of manifolds which are
conformally formal in the Clifford sense, in which case Theorem 1.6 yields
extra rigidity for the embedding Φ. We limit the scope of our discussion to
explaining the obstruction for 4-manifolds discussed in Theorem 1.2.
Lemma 7.4. Let M be a closed, connected, and oriented smooth 4-manifold.
Suppose that M is conformally formal in the Clifford sense. Then the two
parts b+2 , b
−
2 of the middle Betti number of M satisfy
b±2 ∈ {0, 1, 3}.
The result follows essentially from the structure of the Clifford product on
the positive and negative eigenspaces of ⋆. We split the proof in two parts,
stating first the part which is not specific to dimension 4.
Lemma 7.5. Let M be a closed, connected, and oriented smooth 4m-mani-
fold, and let Φ: H∗(M ;R)→ ∧∗R4m be a graded embedding of algebras such
that Φ(H∗(M ;R)) is closed under the Euclidean Clifford product · of ∧∗R4m.
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Let Λ2m = Φ(H
2m(M ;R)), and let Λ2m = Λ
+
2m ⊕ Λ
−
2m be the decompo-
sition of Λ2m into positive and negative eigenspaces of ⋆. Moreover, let
P : (∧2mR4m)× (∧2mR4m)→ ∧2mR4m be the map defined by
P (v, v′) =
〈
v · v′
〉
2m
.
Then P (Λ+2m × Λ
+
2m) ⊂ Λ
+
2m and P (Λ
−
2m × Λ
−
2m) ⊂ Λ
−
2m.
Proof. Let n = 4m. We first point out that Λ2m is indeed closed under ⋆,
since the Hodge star on ∧2mR4m is given by left Clifford multiplication with
(−1)me12...n, and since e12...n ∈ Φ(H
∗(M ;R)). Hence, the decomposition
Λ2m = Λ
+
2m ⊕ Λ
−
2m is indeed valid.
Let v, v′ ∈ ∧2mR4m. We then have ⋆ 〈v · v′〉2m = 〈⋆(v · v
′)〉2m. Hence, we
obtain by the associativity of the Clifford product that
⋆P (v, v′) =
〈
(−1)me12...n · (v · v
′)
〉
2m
=
〈
((−1)me12...n · v) · v
′
〉
2m
= P (⋆ v, v′).
By the bilinearity of P , it follows that P maps the positive and negative
eigenspaces of ⋆ to itself. Moreover, since Φ(H∗(M ;R)) is closed under the
Clifford product, we have P (Λ2m × Λ2m) ⊂ Λ2m. The claim follows. 
Lemma 7.4 now follows from an analysis of the map P in dimension 4.
Proof of Lemma 7.4. By Corollary 7.3, we already have b±2 ≤ 3. It therefore
remains to show that b±2 6= 2. Let Φ be the embedding provided by Theorem
1.6, let Λ2 = Φ(H
2(M ;R)), and let Λ2 = Λ
+
2 ⊕ Λ
−
2 be the split of Λ2 into
positive and negative eigenspaces under ⋆.
Consider the map P : (∧2R4) × (∧2R4) → ∧2R4 defined in Lemma 7.5.
The positive eigenspace of ⋆ in ∧2R4 has the basis
f1 =
e12 + e34
2
, f2 =
e14 + e23
2
, f3 =
e13 + e42
2
.
Using (4.3) and (4.4), we obtain the following multiplication table for this
basis under P :
P (ff , f1) = 0, P (f1, f2) = f3, P (f1, f3) = −f2,
P (f2, f1) = −f3, P (f2, f2) = 0, P (f2, f3) = f1,
P (f3, f1) = f2, P (f3, f2) = −f1, P (f3, f3) = 0.
Hence, P acts on the positive eigenspace of ⋆ isomorphically to the cross
product in R3. Since Λ+2 is closed under P by Lemma 7.5, and since no
two-dimensional vector subspace of R3 is closed under the cross product, we
therefore conclude that dimΛ+2 6= 2.
The same proof holds for Λ−2 . Indeed, the negative eigenspace of ⋆ has
the basis
f ′1 =
e12 − e34
2
, f ′2 =
e13 − e42
2
, f ′3 =
e14 − e23
2
,
which has the same multiplication table under P . Hence, we conclude that
dimΛ±2 6= 2. Since b
±
2 ∈ {dimΛ
+
2 ,dimΛ
−
2 } as discussed in the proof of
Corollary 7.3, the claim follows. 
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8. Quasiregular maps
In this section, we briefly go over the essentials of quasiregular maps in
preparation for the proofs of Theorems 1.3 and 1.5 in the next section. We
focus on how quasiregular maps interact with conformal structures and con-
formal cohomology theories. For further details on quasiregular maps, we
refer the interested reader to e.g. the books of Rickman [29] and Iwaniec and
Martin [12].
Suppose that M and N are closed, connected, oriented Riemannian n-
manifolds. As stated in the introduction, quasiregular maps are continuous
maps in the Sobolev space W 1,nloc (M,N) which satisfy for some K ≥ 1 the
condition
(8.1) |Df(x)|n ≤ KJf (x)
for almost every x ∈ M . There are several equivalent ways of formally
defining the space W 1,nloc (M,N). Since f is continuous by assumption, a
relatively simple approach is to not define the full space W 1,nloc (M,N), but
instead the subspace of continuous functions of W 1,nloc (M,N), which can be
reduced to the Euclidean counterpart using smooth bilipschitz charts.
8.1. Quasiregular maps and conformal structures. If f : M → N is a
non-constant quasiregular map, and [g] is a bounded conformal structure on
N , then there exists a pullback structure f∗[g], which is a bounded conformal
structure on M . In particular, f∗[g] = [f∗g], where f∗g is the pullback
Riemannian metric defined by
〈v,w〉f∗g = 〈Df(x)v,Df(x)w〉g
for v,w ∈ TxM and a.e. x ∈M . Note that in obtaining a well defined mea-
surable pullback metric f∗g, we use two classical properties of quasiregular
maps. First, we use the fact that Df(x) is invertible for a.e. x ∈ M in
order to see that f∗g gives a positive norm to every nonzero tangent vector
at almost every point of M . Second, the measurability of the metric f∗g is
based on the fact that f satisfies the Lusin (N−1)-condition, and therefore
preserves measurable sets under preimages.
Since we have f∗(ρ2g) = (ρ2 ◦ f)f∗g for measurable functions ρ : M →
(0,∞), we obtain a well-defined map of conformal structures. The bounded-
ness of f∗[g] moreover follows from the boundedness of [g] and the quasireg-
ularity of f . Indeed, condition (8.1) implies that, for all v,w ∈ TxM \ {0}
and a.e. x ∈M , we have |Df(x)v|gN / |Df(x)w|gN ≤ K
n |v|gM / |w|gM in the
chosen smooth Riemannian metrics gM and gN of M and N .
For a.e. x ∈M , the above formula for the pullback metric takes the form
〈α ◦ (∧kDf(x)), β ◦ (∧kDf(x))〉f∗g = 〈α, β〉g
for k-covectors α, β ∈ T ∗f(x)N . In particular, we obtain for measurable dif-
ferential k-forms α, β on N the formula
〈f∗α, f∗β〉f∗g = 〈α, β〉g ◦ f,
which holds a.e. on M . Volume forms follow the formula
f∗ volg = volf∗g .
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Similarly, the Hodge star of the pullback metric satisfies
f∗ ◦ ⋆g = ⋆f∗g ◦f
∗
a.e. on M .
We then consider the interaction of quasiregular maps with the Clifford
product.
Lemma 8.1. Let f : M → N be a non-constant non-injective quasiregular
map between closed, connected, oriented Riemannian n-manifolds, let [g] be
a bounded conformal structure on N , and let K ∈ {R,C}. Suppose that
α ∈ Γ(∧lN ;K) and β ∈ Γ(∧mN ;K), where l,m ∈ {0, . . . , n}. Then
(f∗α) ·f∗g (f
∗β) = f∗(α ·g β)
almost everywhere on M .
Proof. At almost every point x ∈M , if {ε1, . . . , εn} is an 〈·, ·〉g-orthonormal
basis of self-conjugate elements of T ∗f(x)N ⊗ K, then {f
∗ε1, . . . , f
∗εn} is an
〈·, ·〉f∗g-orthonormal basis of self-conjugate elements of T
∗
xM ⊗ K. Suppose
that B = {ε1, . . . , εn} is such a basis at f(x) ∈ N .
Consider two induced basis elements εI = εi1 ·g · · · ·g εil = εi1 ∧ · · · ∧ εil
and εI′ = εi′1 ∧ · · · ∧ εi′m . By (4.3) and (4.4), their product is of the form
εI ·g εI′ = (−1)
c(I,I′)εj1 ∧ · · · ∧ εjk . Now we may compute, using again (4.3)
and (4.4), that
(f∗εI) ·f∗g (f
∗εI′) = (f
∗(εi1 ∧ · · · ∧ εil)) ·f∗g (f
∗(εi′1 ∧ · · · ∧ εi′m))
= ((f∗εi1) ∧ · · · ∧ (f
∗εil)) ·f∗g ((f
∗εi′1) ∧ · · · ∧ (f
∗εi′m))
= (−1)c(I,I
′)(f∗εj1) ∧ · · · ∧ (f
∗εjk)
= f∗(εI ·g εJ ).
Hence, by writing αf(x) and βf(x) with the basis induced by B, the claim
follows from the bilinearity of the Clifford product, linearity of f∗, and the
interaction of f∗ with the scalar multiplication. 
Combining Lemma 8.1 with the formula for 〈f∗α, f∗β〉f∗g immediately
yields the following corollary.
Corollary 8.2. Let f : M → N be a non-constant non-injective quasiregular
map between closed, connected, oriented Riemannian n-manifolds, let [g] be
a bounded conformal structure on N , and let K ∈ {R,C}. Suppose that
α ∈ Γ(∧lN ;K) and β ∈ Γ(∧mN ;K), where l,m ∈ {0, . . . , n}. Then
(f∗α)⊙f∗g (f
∗β) = f∗(α ⊙g β)
almost everywhere on M .
8.2. Quasiregular maps and conformal cohomology. A major motiva-
tion for the conformal cohomology theories of Section 6 is that the pullback
map f∗ of differential forms for a quasiregular f : M → N naturally induces
a pullback map in cohomology. In particular, we will use the following result.
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Lemma 8.3. Let M,N be closed, connected, oriented Riemannian n-mani-
folds, let f∗ : M → N be a non-constant quasiregular map, and let K ∈
{R,C}. Then we obtain a chain map
f∗ : WCE♯(∧∗N ;K)→ WCE♯(∧∗M ;K).
In particular, f naturally induces a map
f∗ : H∗CE♯(N ;K)→ H
∗
CE♯(M ;K).
While we are not aware of a full proof of the above in an existing reference,
the essential ideas already exist in the known literature. Indeed, Donaldson
and Sullivan [4] show this for n = 4 and f bijective, and the above case
is not essentially different. A version for H∗CE(M ;R) is also shown by the
author and Pankka in [16, Lemma 3.4]. See also the related discussion by
Gol’dshtein and Troyanov in [7, Theorem 6.6].
However, for the convenience of the reader, we collect a detailed proof
here.
Proof of Lemma 8.3. The map
f∗ : WCE(∧∗N ;K)→ WCE(∧∗M ;K).
is a chain map; see [16, Lemma 3.4] for the case K = R, where the case K = C
is an immediate consequence. Since WCE♯(∧∗N ;K) ⊂ WCE(∧∗N ;K), the
only remaining part is then to show that f∗WCE♯(∧∗N ;K) ⊂WCE♯(∧∗M ;K).
Since f is continuous, clearly f∗C(∧0N ;K) ⊂ C(∧0M ;K). The remaining
goal is therefore to show that
(8.2) f∗L
n
k
,♯(∧kN ;K) ⊂ L
n
k
,♯(∧kM ;K)
for k ∈ {1, . . . , n}.
The method of the proof is as in [16, Lemma 3.1 and Corollary 3.2], where
the case k = n is shown. Let gM and gN be the Riemannian metrics of M
and N , respectively. Recall that there exists r > 1 for which Jf ∈ L
r(M ;R);
see Elcrat and Meyers [25] or Martio [24]. Suppose that ω ∈ Lp(∧kM ;K),
where p > n/k.
We let
q =
(
r
r + knp− 1
)
p.
Since p > n/k, we get that q < p, and therefore p/q > 1. Moreover, we have
kq
n
=
krp
n(r − 1) + kp
=
r
1 + nkp(r − 1)
>
r
1 + (r − 1)
= 1.
Hence, q > n/k.
By [16, (2.4)], we have
|f∗ω|gM ≤ C(|ω|gN ◦ f)J
k
n
f
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a.e. on M . Hence, we estimate∫
M
|f∗ω|qgM volgM ≤ C
q
∫
M
(|ω|qgN ◦ f)J
kq
n
f volgM
≤ Cq
∫
M
(|ω|qgN ◦ f)J
q
p
f J
q( k
n
− 1
p
)
f volgM
≤ Cq
(∫
M
(|ω|pgN ◦ f)Jf volgM
) q
p
(∫
M
J
pq
p−q
( k
n
− 1
p
)
f volgM
) p−q
p
= Cq(deg f)
q
p ‖ω‖qp,gN
(∫
M
J
pq
p−q
( k
n
− 1
p
)
f volgM
) p−q
p
.
The claim then follows, since a simple calculation using the definition of q
yields
pq
p− q
(
k
n
−
1
p
)
=
q
p− q
(
k
n
p− 1
)
=
q
p− q
(
rp
q
− r
)
= r.

We then note that, if [g] is a bounded conformal structure on N and
f : M → N is non-constant quasiregular, then the cohomology representation
of H∗CE♯(N ;K) by H
∗
g(N ;K) is in fact mapped by f
∗ into the cohomology
representation of H∗CE♯(M ;K) by H
∗
f∗g(M ;K).
Lemma 8.4. Let M,N be closed, connected, oriented Riemannian n-mani-
folds, let f : M → N be a non-constant quasiregular map, let [g] be a bounded
conformal structure on N , let k ∈ {0, . . . , n − 1}, and let K ∈ {R,C}. Then
f∗Hkg(N ;K) ⊂ H
k
f∗g(M ;K).
Proof. The case k = 0 is trivial, as Hkg(N ;K) and H
k
f∗g(M ;K) consist of
constant functions. Let then ω ∈ Hkg(N ;K) for k ∈ {1, . . . , n − 1}. By
Lemmas 6.2 and 8.3, we obtain that f∗ω ∈ Ln/k(∧kM ;K) and df∗ω =
f∗dω = 0. For the remaining condition, we compute that
d
(
|f∗ω|
n
k
−2
f∗g ⋆f∗g f
∗ω
)
= d
((
|ω|
n
k
−2
g ◦ f
)
f∗ ⋆g ω
)
= df∗
(
|ω|
n
k
−2
g ⋆g ω
)
= f∗d
(
|ω|
n
k
−2
g ⋆g ω
)
= 0.

Finally, we end this section with the observation that the conformal Hodge
decomposition defined in Section 5 is preserved under quasiregular maps.
More precisely, we have the following.
Lemma 8.5. Let M,N be closed, connected, oriented Riemannian n-mani-
folds, let f : M → N be a non-constant quasiregular map, and let [g] be
a bounded conformal structure on N . Let ω ∈ Ln/k(∧kM ;K), where k ∈
{1, . . . , n − 1} and K ∈ {R,C}. Let (dα, dβ, γ) be the conformal Hodge de-
composition of ω with respect to [g]. Then (f∗dα, f∗dβ, f∗γ) is the conformal
Hodge decomposition of f∗ω with respect to [f∗g].
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Proof. By the uniqueness of conformal Hodge decompositions provided by
Proposition 5.4, it suffices to show that (f∗dα, f∗dβ, f∗γ) satisfies the con-
ditions of a conformal Hodge decomposition of f∗ω with respect to [f∗g].
By using the Sobolev-Poincaré inequality, we may assume that α, β ∈
WCE(∧∗M). In particular, we therefore have by [16, Lemma 3.4] that df∗α =
f∗dα ∈ Ln/k(∧kM ;K) and df∗β = f∗dβ ∈ Ln/(n−k)(∧n−kM ;K). Moreover,
by Lemma 8.4, we have f∗γ ∈ Hkf∗g(M ;K).
Hence, the forms f∗dα, f∗dβ and f∗γ are in the correct spaces, and it
remains to check that
f∗ω = f∗dα+ |f∗dβ|
n
n−k
−2
f∗g ⋆f∗g f
∗dβ + f∗γ.
This follows immediately from the computation
|f∗dβ|
n
n−k
−2
f∗g ⋆f∗g f
∗dβ =
(
|dβ|
n
n−k
−2
g ◦ f
)
f∗(⋆g dβ)
= f∗
(
|dβ|
n
n−k
−2
g ⋆g dβ
)
.

9. Proof of Theorems 1.3 and 1.5
Let now M be a closed, connected, oriented Riemannian n-manifold, and
let f : M →M be a non-constant, non-injective uniformly quasiregular self-
map on M . We denote by g0 the smooth Riemannian metric of M .
In this case, the map f has an invariant conformal structure [gf ]. In
particular, [gf ] is a bounded conformal structure on M for which f
∗[gf ] =
[gf ]. This was shown by Iwaniec and Martin in [11], generalizing a previous
proof by Tukia [33] for quasiconformal groups. The proof was given for
M = Sn, but the method works for all closed, connected and oriented M .
We also assume that gf ∈ [gf ] is the element of the structure for which
volgf = volg0 . In this case, we have f
∗gf = J
2/n
f gf .
In this section, we show that the structure [gf ] is conformally formal in
the Clifford sense. Hence, uniformly quasiregularly elliptic manifolds are
conformally formal in the Clifford sense.
9.1. Eigenvector-based spaces. Let k ∈ {1, . . . , n − 1}. Since f∗[gf ] =
[gf ], we therefore obtain by Lemma 8.4 and the conformal invariance of
the space Hkgf (M ;K) a self-map f
∗ : Hkgf (M ;K) → H
k
gf
(M ;K). We use the
abbreviation Hkf (M ;K) = H
k
gf
(M ;K).
For every c ∈ HkCE♯(M ;K), we use ωc to denote the unique element of
Hkf (M ;K) ∩ c provided by Lemma 6.2. As discussed in [15, Section 4.2],
we have f∗ωc ∈ H
k
CE♯(M ;K) ∩ f
∗c, and therefore by the uniqueness of the
representatives we have f∗ωc = ωf∗c. Moreover, since H
k
f (M ;K) is preserved
under scalar multiplication, we also have ωλc = λωc for every λ ∈ K. In
particular, if c ∈ HkCE♯(M ;K) is an eigenvector of f
∗ satisfying f∗c = λc,
then also f∗ωc = λωc.
Our strategy in proving that Hkf (M ;K) is linear is to consider a different
space Ekf (M ;C), which is constructed from linear combinations of eigenvec-
tors ωc of f
∗. Here, we require complex coefficients, as the definition of
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Ekf (M ;C) requires a basis of eigenvectors of f
∗. The space Ekf (M ;C) shares
properties with Hkf (M ;C) such as unique representation of cohomology and
being mapped to itself by f∗. However, the space Ekf (M ;C) is linear by defini-
tion. The crux of the proof is then that we show that Hkf (M ;C) = E
k
f (M ;C)
by a suitable weak convergence argument.
We now give a detailed definition of the space Ekf (M ;C).
Definition 9.1. Let f : M →M be a non-constant non-injective uniformly
quasiregular map on a closed, connected, oriented Riemannian n-manifold
M , where n ≥ 2. Moreover, let k ∈ {1, . . . , n− 1}.
Fix a basis B = {c1, . . . , cl} of H
k
CE♯(M ;C) consisting of eigenvector
classes of f∗ : HkCE♯(M ;C) → H
k
CE♯(M ;C), with corresponding eigenvalues
λ1, . . . , λl. We then denote ωj = ωcj for every j ∈ {1, . . . , l}. Now, the space
Ekf (M ;C) of differential k-forms is defined by
Ekf (M ;C) = span(ω1, . . . , ωl).
Note that the spaces Ekf (M ;C) are a-priori dependent on the selection of
basis B, although later on in the proof it turns out that this is not the case.
We now record the basic properties of the spaces Ekf (M ;C).
Lemma 9.2. Let f : M → M be a non-constant non-injective uniformly
quasiregular map on a closed, connected, oriented Riemannian n-manifold
M , where n ≥ 2. Let k ∈ {1, . . . , n − 1}. Then for every c ∈ Hk
CE♯(M ;C),
there exists a unique ηc ∈ c ∩ E
∗
f (M ;C). The elements ηc satisfy
zηc = ηzc,(9.1)
ηc + ηc′ = ηc+c′ , and(9.2)
f∗ηc = ηf∗c(9.3)
for all c, c′ ∈ Hk
CE♯(M ;C), k ∈ {0, . . . , n} and z ∈ C.
Proof. Since f∗ : HkCE♯(M ;C) → H
k
CE♯(M ;C) is diagonalizable by the main
result of [16], it follows that its eigenspaces form a direct sum decomposition
of HkCE♯(M ;C). The existence of a unique ηc ∈ c ∩ E
k
f (M ;C) for every c ∈
HkCE♯(M ;C) follows immediately from this and the definition of E
k
f (M ;C).
We then verify the properties (9.1), (9.2), and (9.3). Let c, c′ ∈ HkCE♯(M ;C)
for some k ∈ {0, . . . , n}, and write c = a1c1+· · ·+alcl and c
′ = a′1c1+. . . a
′
lcl,
where {ci} is the eigenvector basis of H
k
CE♯(M ;C) used in the definition of
Ekf (M ;C). Then zc+ c
′ = (za1+a
′
1)c1+ · · ·+(zal+a
′
l)cl, and it follows that
ηzc+c′ = (za1 + a
′
1)ωc1 + · · ·+ (zal + a
′
l)ωcl = zηc + ηc′ .
Hence, (9.1) and (9.2) follow. Similarly, we have f∗c = f∗(a1c1+· · ·+alcl) =
a1λ1c1 + · · ·+ alλlcl, and therefore
ηf∗c = a1λ1ωc1 + · · · + alλlωcl = a1f
∗(ωc1) + · · · + alf
∗(ωcl) = f
∗ηc.
Hence, (9.3) also follows. 
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9.2. Proof of Ekf (M ;C) = H
k
f (M ;C). We begin by recording a lemma
which is used multiple times in the proof of the main results. It is essentially
a version of [15, Corollary 5.2] for more general differential forms, which in
turn is based on an argument used by Okuyama and Pankka in [26, Theo-
rem 5.2]. The proof is practically the same as in [15], but we provide it for
completeness.
Lemma 9.3. Let f : M → M be a non-constant non-injective uniformly
quasiregular map on a closed, connected, oriented Riemannian n-manifold
M , where n ≥ 2. Let k ∈ {1, . . . , n}, let K ∈ {R,C}, let λ ∈ K be such that
|λ| = (deg f)k/n, and let ω ∈ WCE♯(∧kM ;K) ∩ ker(d) be such that [ω] = [0]
in Hk
CE♯(M ;K). Then
(f j)∗ω
λj
→ 0,
where the convergence is in the weak sense.
Proof. Since [ω] = [0], there exists τ ∈ WCE♯(∧k−1M ;K) for which ω =
dτ . Since WCE♯(∧k−1M ;K) ⊂ Ln/(k−1)(∧k−1M ;K), we therefore have τ ∈
Ln/(k−1)(∧k−1M ;K). Note that for k = 1, we interpret n/(k − 1) =∞; the
above still holds since WCE♯(∧0M ;K) ⊂ C(∧0M ;K) ⊂ L∞(∧0M ;K).
Now let ϕ ∈ C∞(∧n−kM ;K) be a smooth test form. We obtain∫
M
ϕ ∧ λ−j(f j)∗ω = λ−j
∫
M
ϕ ∧ (f j)∗dτ
= λ−j
∫
M
dϕ ∧ (f j)∗τ.
By the Hölder-type inequality for wedge products, we have∣∣∣∣
∫
M
ϕ ∧ λ−j(f j)∗ω
∣∣∣∣ ≤ C(n)(deg f)− jkn ‖dϕ‖ nn−k+1 ∥∥(f j)∗τ∥∥ nk−1 .
Finally, if k > 1, we have by the estimate from [16, Lemma 2.4], that
‖(f j)∗τ‖n/(k−1) ≤ C(n,K)(deg f)
(k−1)/n ‖τ‖n/(k−1). If k = 1, then this also
holds, since τ is an L∞-function, and therefore ‖(f j)∗τ‖∞ = ‖τ ◦ f
j‖∞ =
‖τ‖∞. Hence,∣∣∣∣
∫
M
ϕ ∧ λ−j(f j)∗ω
∣∣∣∣ ≤ C(n,K)(deg f) j(k−1)n − jkn ‖dϕ‖ nn−k+1 ‖τ‖ nk−1
= C(n,K)(deg f)−
j
n ‖dϕ‖ n
n−k+1
‖τ‖ n
k−1
.
Since the right hand side converges to zero, the claim follows. 
Now, we are ready to show the linearity of Hkf (M ;K).
Lemma 9.4. Let f : M → M be a non-constant non-injective uniformly
quasiregular map on a closed, connected, oriented Riemannian n-manifold
M , where n ≥ 2, and let k ∈ {1, . . . , n− 1}. Then
Hkf (M ;C) = E
k
f (M ;C).
In particular, Hkf (M ;C) is closed under addition, as is consequently also
Hkf (M ;R).
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Proof. We wish to prove that in fact ηc = ωc for every c ∈ H
k
CE♯(M ;C).
Hence, let c ∈ HkCE♯(M ;C) for k ∈ {1, . . . , n − 1}. We define a map F of
complex measurable differential forms by
Fω = (deg f)−
k
n f∗ω.
Since f∗[gf ] = [gf ], we have
(9.4) ‖Fω‖n/k,gf = ‖ω‖n/k,gf
for all ω ∈ Ln/k(∧kM ;C); see [15, Section 4.2]. By Lemma 8.4, F maps
Hkf (M ;C) into itself. Moreover, by Lemma 9.2, F maps E
k
f (M ;C) into itself.
We now consider the sequence
(9.5)
(
F j(ηc − ωc)
)∞
j=1
.
Since [ηc] = [ωc], and therefore [ηc − ωc] = [0] in H
k
CE♯(M ;C), we obtain by
Lemma 9.3 that (9.5) converges to 0 weakly.
The space Ekf (M ;C) equipped with ‖·‖n/k,gf is a finite dimensional normed
space. Hence, it is bilipischitz equivalent to a Euclidean space. By (9.4),
(F jηc)
∞
j=1 is a bounded sequence in E
k
f (M ;C). Since bounded subsets of
Euclidean spaces are precompact, and since ‖·‖n/k,gf is equivalent with the
standard Ln/k-norm by (2.1), there exists a subsequence (F jiηc)
∞
i=1 which
converges to some measurable form η in the space Ln/k(∧kM ;C).
We then apply Theorem 5.6 and (9.4), and obtain that∥∥F ji1ωc − F ji2ωc∥∥n
k
,gf
≤ C
(∥∥F ji1ωc∥∥n
k
,gf
+
∥∥F ji2ωc∥∥n
k
,gf
)1−t ∥∥F ji1ηc − F ji2ηc∥∥tn
k
,gf
= C(2 ‖ωc‖n
k
,gf
)1−t
∥∥F ji1ηc − F ji2ηc∥∥tn
k
,gf
.
Thus, we conclude that the sequence (F jiωc)
∞
i=1 is also Cauchy, and hence
also converges to some ω in the space Ln/k(∧kM ;C).
We therefore have F j(ηc − ωc) → 0 weakly, and also F
ji(ηc − ωc) →
η−ω in Ln/k(∧kM ;C). Hence, by uniqueness of the limit, we conclude that
F ji (ηc − ωc) → 0 in L
n/k(∧kM ;C). It follows that
∥∥F ji(ηc − ωc)∥∥n/k,gf →
0. But by (9.4),
∥∥F j(ηc − ωc)∥∥n/k,gf = ‖ηc − ωc‖n/k,gf for every j. Hence,
we conclude that ‖ηc − ωc‖n/k,gf = 0, and therefore ωc = ηc. The claim
follows. 
9.3. Algebra structure. So far we have achieved thatHkf (M ;K) is a vector
space for every k ∈ {0, . . . , n − 1}. It remains therefore to select a suitable
Hnf (M ;K), and to show that the resulting H
∗
f (M ;K) is closed under ⊙gf .
Our choice of Hnf (M ;K) is as follows. Let µf denote the f -invariant
measure of Okuyama and Pankka; see [26]. We select the space Hnf (M ;K)
to consist of all K-multiples of µf which are represented by an integrable n-
form. Since µf is a measure, we have H
n
f (M ;K) ⊂ H
n,≥
gf (M ;K). Moreover,
since f∗µf = (deg f)µf by [26, Theorem 2], the space H
n
f (M ;K) is also
preserved under the pullback f∗.
CONFORMALLY FORMAL MANIFOLDS AND UQR NON-ELLIPTICITY 39
We point out that if M is not a rational cohomology sphere, then µf is
represented by an n-form by [15, Theorem 1.2]. Hence, in this case, we have
dimKH
n
f (M ;K) = 1. If M is a rational cohomology sphere, then either µf
has an n-form representation and dimKH
n
f (M ;K) = 1, or µf doesn’t have
one and Hnf (M ;K) = {0}.
We now show that H∗f (M ;K) is closed under ⊙gf , and therefore [gf ] is
conformally K-formal in the Clifford sense. The crux of the proof lies in the
special case where two eigenvectors of f∗ are multiplied by ⊙gf . For this,
we start with a lemma where we use the conformal Hodge decomposition of
Section 5 to show that essentially all eigenvectors of f∗ are in H∗f (M ;K).
Lemma 9.5. Let f : M → M be a non-constant non-injective uniformly
quasiregular map on a closed, connected, oriented Riemannian n-manifold
M , where n ≥ 2. Let k ∈ {1, . . . , n}, and let K ∈ {R,C}. Suppose that ω ∈
Ln/k,♯(∧kM ;K) satisfies f∗ω = λω for some λ ∈ K. Then ω ∈ Hkf (M ;K).
Proof. We may suppose ω 6= 0, since 0 ∈ Hkf (M ;K). We therefore have
|λ| = (deg f)k/n; see e.g. the computation in [15, (6.2)].
Consider first the case k < n. By Proposition 5.4, ω has a unique confor-
mal Hodge decomposition (dα, dβ, γ) with respect to [gf ]. Moreover, since
ω ∈ Ln/k,♯(∧kM ;K), Proposition 5.4 also implies that dα ∈ Ln/k,♯(∧kM ;K)
and dβ ∈ Ln/(n−k),♯(∧n−kM ;K). By the Sobolev-Poincaré inequality, or in
the case of 1-forms by the Sobolev embedding theorem, we may therefore
assume that α ∈WCE♯(∧k−1M ;K) and β ∈WCE♯(∧n−k−1M ;K).
By Lemma 8.5, we have that the conformal Hodge decomposition of f∗ω
with respect to [f∗gf ] is (f
∗dα, f∗dβ, f∗γ). Since [gf ] is f -invariant, we
in fact have [f∗gf ] = [gf ]. Moreover, we also see that the conformal Hodge
decomposition of λω with respect to [gf ] is (λdα, |λ|
(n−k)/k−1 λdβ, λγ). Since
f∗ω = λω and the decompositions are unique, we therefore must have
f∗dα = λdα,
f∗dβ =
(
|λ|
n−k
k
−1 λ
)
dβ, and
f∗γ = λγ.
It follows that dα is a fixed point of λ−1f∗. However, since [dα] = [0] in
HkCE♯(M ;K), we may now use Lemma 9.3 to conclude that (λ
−1f∗)jdα→ 0
weakly. Hence, dα = 0. The same argument also yields dβ = 0. Hence, we
have obtained that ω = γ ∈ Hkf (M ;K), which concludes the case k < n.
Finally, we treat the case k = n. In this case, we have ω ∈ L1,♯(∧nM ;K) =
WCE♯(∧nM ;K) = WCE♯(∧nM ;K) ∩ ker d, and therefore ω belongs into a
cohomology class [ω] of HnCE♯(M ;K). If [ω] = [0], then (λ
−1f∗)jω → 0
weakly by Lemma 9.3, and therefore ω = 0 ∈ Hnf (M ;K). If on the other
hand [ω] 6= [0], then
∫
M ω 6= 0. By the change of variables formula for
quasiregular maps, we obtain that
λ
∫
M
ω =
∫
M
f∗ω = (deg f)
∫
M
ω.
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Hence, we have λ = deg f . Since ((deg f)−1f∗)jω converges weakly to a
multiple of µf by [15, Theorem 5.1], we conclude that ω represents a multiple
of µf , and therefore ω ∈ H
n
f (M ;K). 
We then apply Lemma 9.5 to the ⊙gf -product of two eigenvectors.
Lemma 9.6. Let f : M → M be a non-constant non-injective uniformly
quasiregular map on a closed, connected, oriented Riemannian n-manifold
M , where n ≥ 2. Let l,m ∈ {0, . . . , n}, and let K ∈ {R,C}. Suppose that
ω1 ∈ H
l
f (M ;K) and ω2 ∈ H
m
f (M ;K) satisfy f
∗ω1 = λ1ω1 and f
∗ω2 = λ2ω2
for some λ1, λ2 ∈ K. Then
ω1 ⊙gf ω2 ∈ H
∗
f (M ;K).
Proof. Let k ∈ {0, . . . , n}, and denote ω =
〈
ω1 ⊙gf ω2
〉
k
. We wish to show
that ω ∈ Hkf (M ;K). We may assume k > 0 and (l,m) 6= (0, 0), as the
remaining cases are trivial; see the second paragraph of the proof of Lemma
4.5.
Now, we may compute using Corollary 8.2 that
f∗ω =
〈
f∗(ω1 ⊙gf ω2)
〉
k
=
〈
(f∗ω1)⊙f∗gf (f
∗ω2)
〉
k
=
〈
(λ1ω1)⊙J2/nf gf
(λ2ω2)
〉
k
=
〈
(λ1ω1)⊙gf (λ2ω2)
〉
k
=
λ1λ2
|λ1λ2|
l+m−k
l+m
ω.
Hence, we have f∗ω = λω with λ = |λ1λ2|
k/(l+m)−1 λ1λ2. Moreover, Lemma
4.2 yields the estimate
|ω|gf =
∣∣∣〈ω1 ·gf ω2〉k
∣∣∣ kl+m
gf
≤ C(n)
(
|ω1|gf |ω2|gf
) k
l+m
Since ω1 ∈ L
n/l,♯(∧lM ;K) and ω2 ∈ L
n/m,♯(∧mM ;K), it follows by Hölder’s
inequality that ω ∈ Ln/k,♯(∧mM ;K). Hence, ω ∈ Hkf (M ;K) by Lemma 9.5,
concluding the proof. 
We then compile the results so far to reach our desired conclusion.
Theorem 9.7. Let M be a closed, connected, oriented Riemannian n-mani-
fold for n ≥ 2. Suppose that M admits a non-constant, non-injective uni-
formly quasiregular self-map f : M →M . Then M and the invariant confor-
mal structure [gf ] are conformally K-formal, and also conformally K-formal
in the Clifford sense, for both K = R and K = C.
Proof. It suffices to show the result for K = C, since the complex versions
of addition, scalar product, ∧ and ⊙gf on H
∗
f (M ;C) restrict to H
∗
f (M ;R)
as the corresponding real versions. Moreover, it suffices to show conformal
C-formality in the Clifford sense, as it implies conformal C-formality. By
Lemma 9.4, the space H∗f (M ;C) is linear. Moreover, H
∗
f (M ;C) has a graded
basis consisting of eigenvectors of f∗. By Lemma 9.6, this eigenvector basis
is mapped into H∗f (M ;C) by ⊙gf . Hence, H
∗
f (M ;C) is closed under ⊙gf by
Lemma 4.5. The claim follows. 
With the proof of Theorem 9.7 complete, Theorems 1.3 and 1.5 imme-
diately follow. Theorem 1.2 then follows from a combination of Theorem
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1.5 and Lemma 7.4. Finally, Theorem 1.1 is an immediate consequence of
Theorem 1.2.
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